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GIGI THIEU

Ky thi Olympic Toan hoc 14n thit 30 danh cho sinh vién cac trudng dai hoc,
cao ddng, hoc vién va hoc sinh phé théng cac trudng chuyén trong ca nudc
da dién ra tai tru’(‘jng Dai hoc Duy Tén tu 8-13/4/2024. Quyén ky yéu nay
cht yéu danh dé tap hop lai mot s6 bai dé xuét clia cac trudng tham du ky
thi v6i mong mubn cung cip thém mét tal liéu tham khao cho nhiing nguoi
quan tam. Do thoi glan bién tép kha ngin nén ngoai mét sb bai duge bién
tap tuong dbi ky cang, c6 mot sb bai ching t6i gilt nguyén cach trinh bay
nhu dé xuét, cong tac bién tap trong trufdng hop dé 1a danh may lai, kiém tra
tinh chinh xac vé ndi dung va chinh ta.

Nhom bién tap
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Thong tin vé ky thi

Ky thi Olympic Toan hoc Sinh vién va Hoc sinh Toan qudc lan thit XXX dugc
Hoi Toan hoc Viét Nam phéi hop véi Trudng Dai hoc Duy Tan t6 chiic trong
thang 3 va thang 4 nim 2024. Ky thi dugc t8 chtic truc tuyén va giam sat tai
chd d6i v6i khéi phé thong tir 15-17 thang Ba va dudc t6 chic truc tiép dbi
v6i khéi dai hoc tit ngdy 8-13 thang Tu nim 2024 tai Trudng Dai hoc Duy
Tan — TP Da Néang. Khbi Dai hoc c6 95 trudng dai hoc, hoc vién tham gia ky
thi, chiém khoang 20% sb trudng dai hoc trong cd nuéc. C6 699 sinh vién
v6i 807 lugt thi cic mén Pai sb va Giai tich, chia hai bang A va B. Bang A
6 36 trudng tham gia va Bang B ¢6 59 trudng. Pa ¢ gan 200 thiy cb gido
din doan c6 mit  Da Ning. Khbi Phé thong c6 46 trudng THPT véi 400 hoc
sinh tham gia.

1. Khoi phd thong

Trong hai ngay 16—17/ 3, 400 hoc sinh tu cac truong chuyén va trudng chit
lugng cao trong ca nu’dc d4 1am hai bai thi vé sb hoc va t6 hop. Theo truyén
thdng, dé thi clia mbi ngay thi tip trung vao mét chi dé cu thé, cac bai tap
tit don gian dén khé. Ban T6 chitc dd moi cac glang vién va mét sb gido vién
cac truong chuyén tham gia chdm thi cho Khéi Phé théng trong hai ngay
24-25/3 v6i s6 luong 800 bai thi. Sau khi cé két qua chim thi, Ban T6 chic
dd quyét dinh trao 42 gidi Nhit, 59 gidi Nhi, 88 giai Ba va 32 giai Khuyén
khich cho cac em hoc sinh dat thanh tich cao tai ky thi.

Truée ky thi Ban T6 chite d4 t8 chic loat bai gidng vé toan phé théng vio cac
ngdy 2-3/3 va 9-10/3 véi 4 bai gidng vé cac chii dé trong dai s, hinh hoc,
t6 hop. Phai ndi ring hoat déng nay rat thanh céng, cc bai gidng da thu hit
gin 1000 ngudi tit khip noi ding ky tham du.

1. V6 Qubc B4 Cén (Trudng THCS Archimedes, Ha N6i), Bit dang thitc
Karamata.

2. Nguyén Vin Linh (Trudng THPT Chuyén Khoa hoc Tu nhién, Trudng
Pai hoc KHTN, PHQG Ha Nbi), Mot bd dé vé cip diém lién hop dang
giac.

3. Vit Hong Son (Trudng THPT Chuyén Hung Vuong, Pha Tho), Ly thuyét
do thi va mot so tng dung.

4. Nguyén Xuin Tho (Pai hoc Bach Khoa Ha Noi), Mot sb bai toan vé da
thtec.
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Phan thi danh cho khéi phé théng dudc t6 chiic tit nim 2016 tai ky thi
Olympic Toan hoc Sinh vién-Hoc sinh 6 Quy Nhon va chuyén sang hinh thiic
online tit nim 2022, ngay sau dai dich Covid 19. O ky thi nim nay, hoat
déng t8 chiic thi cho khoi phé théng tiép tuc dude hé trg vé co sé vat chit ti
Truong Dai hoc Khoa hoc Tu nhién, DHQG Ha Noi.

DAIHOC (2N, B0 GIAO DUC VA DAO TAO
oyTAN P8 BR.S100 DUC VA BAO TAD

LE BEMAC
KY THI OLYMPIC TOAN HOC
SINH V’IEN VA HOC SINH

Hoc sinh dudc trao huy chuong vang tai D Ning. Ngudn: Truong DH Duy Tan

2. Khoi dai hoc

Dbi v6i cong tac ra dé thi clia khoi dai hoc, mot phan ngudn dé dude déng
g6p tit dé xudt clia cac doan. Cac bai dé xuit dude dung 1am ngudn cho dé
thi chinh thitc va dugdc bién tip trong quyén ky yéu cda ky thi, 1am tai liéu
tham khdo cho céc thiy cb va cic em hoc sinh, sinh vién.

Ngay sau kh1 cac thi sinh thi xong moén Dai s6 vao chiéu ngay 9/4, Ban T6
chtic d4 t8 chitc chAm xong ngay trong tbi 9/4. Tu’Ong tu, mon Giai tich dugc
chim trong budi chiéu 10/4, tong s6 luong bai thi cd hai mén ciing xip xi
800 bai. C6 80 doan da dang ky ctt dai dién tham g1a chim thi.

Sau khi c6 két qua thi va két qua phuc tra, Ban TS chitc da hop véi tit ca
trudéng doan va théng nhét ‘cac mtuc diém dé xét giai Nhat Nhi, Ba. V6i sb
luong x4p xi 400 thi sinh mbi mdn, Ban T6 chitc di quyét dinh trao sb luong
giai nhu sau.



Bang A:

Mo6n Dai sb ¢6 90 gidi chinh thic, trong dé ¢ 16 gidi Nhit, 33 giai Nhi va 41
giai Ba.

Mo6n Gidi tich ¢ 93 gii chinh thiic, trong dé c6 17 gidi Nhit, 32 giai Nhi va
44 gii Ba.

Bang B:

Mo6n Dai s6 ¢6 111 gidi chinh thitc, trong d6 6 20 gidi Nhit, 39 giai Nhi va
52 giai Ba.

Mo6n Gidi tich c6 109 gii chinh thitc, trong d6 c6 20 giai Nhit, 40 gidi Nhi
va 49 giai Ba.

T6ng céng, mdn Dai sb c6 36 gidi Nhit, 72 gidi nhi va 93 gidi Ba. Mén Giai
tich c6 37 giai Nht, 72 giai Nhi va 93 gidi Ba. Ban T6 chtc ciing trao 21 giai
khuyén khich cho cac thi sinh thi mén Dai sé va 20 giai khuyén khich cho
cac thi sinh thi mon Giai tich.

Trong nhitng thi sinh dat giai nhit & cAc mén ¢6 11 thi sinh c6 thanh tich dic
biét 14 tha khoa mét mén trong tiing bang hodc dat giai nhit ca hai mén Dai
s6 va Giai tich, hodc ca hai. Trong s6 d6 ¢6 mdt thi sinh nit va déu cac trudng
14 dai dién ca ba mién d4t nuéc. Danh sach cu thé nhu sau:

1. Hoang Tuin Diing, Trudng Dai hoc Khoa hoc Tu nhién - Pai hoc Quéc
gia Ha No6i, Thu khoa mon Giai tich bang A, Dat giai Nhat 2 moén

2. Nguyén Cong Thanh, Trusng Dai hoc Fulbright Viét Nam, Thi khoa
mon Giai tich bang B, Dat giai Nhat 2 mén

3. Bui Khanh Vinh, Trudng Dai hoc Bach khoa - Dai hoc Québc gia Tp.
HCM, Thu khoa mon Dai so6 bang A, Dat gidi Nhat 2 mén

4. Nguyén Van T, Hoc vién Quén y, Thi khoa mén Dai sb bang B

5. Mai Quéc Anh, Trufjng bai hoc Khoa hoc Tu nhién - bai hoc Québc gia
Ha Noi Dat giai Nhat 2 mon

6. Nguyén Lé Duy, Truong Dai hoc Pham Vin Déng, Dat giai Nhit 2 mon

7. Trﬁp Ngoc Quynh Giang, Trudéng Dai hoc Ngoai thuong CS 2, Dat giai
Nhat 2 mon

8. Nguyén Anh Huy, Trudng Dai hoc Ngoai thuong CS 2, Pat giai Nhét 2
mon

9. Nguyén Pinh Tudn Minh, Dai hoc Bach khoa Ha Ndi, Dat gidi Nhit 2
mon

10. V6 Van Thanh, Trudng Pai hoc Nha Trang, Dat gidi Nhit 2 mén



11. bing Viét Tinh, Trudng Pai hoc Khanh Hoa, Dat giai Nhit 2 méon
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Céc thi sinh ¢4 thanh tich xut sic dugc trao bing khen ctia Hoi Toan hoc Viét Nam va Hoi Sinh vién Viét Nam.
Nguon: Trusng DH Duy Tan

Mot sb doan c6 thanh tich cao trong ky thi 14n nay 1a

Bang A: DH Bach Khoa Ha Noi, Trudng Dai hoc Bach Khoa - PHQG Tp. Hb
Chi Minh, Truoéng DH Khoa hoc Tu nhién - PHQG Ha Noi.

Bang B: Truong DH Ngoai thuong Co s 2, Hoc Vién Quén Y, Truong DH
Hung Vuong - Pht Tho.

Trong 18 t6ng két ctia ky thi, Ban T chtc ciing trao bing khen ctia Chu
tich Hbi Toan hoc cho 11 thay cb gido ¢ nhiéu déng gép trong phong trao
Olympic Toan hoc Sinh vién giai doan 2018-2024:

1. Du Thi Hoa Binh - Truong Dai hoc Ha Noi

2. Lé Phé b6 - Trudng Dai hoc Céng nghé, Pai hoc Qubc gia Ha Noi
3. Ding Pinh Hanh - Trudng Dai hoc Kién tric Ha Noi

4. Tran Vinh Linh - Truong Dai hoc Fulbright Viét Nam
S

. Hy bttc Manh - Hoc vién Ky thuat Quan su



Tran Hoai Ngoc Nhén - Trudng Dai hoc Su pham K§ thut Vinh Long
Truong Thi Nhan - Hoc vién Hai quin

Tran Thanh Phong - Truong Dai hoc Thua Dau Mbt

© ® N o

Nguyén Hitu Tho - Trudng Pai hoc Thiy 1oi Ha Néi
10. Duong Viét Thong - Trudng Dai hoc Kinh té qubc dan

11. Bui Anh Tuln - Truong Dai hoc Cén Tho
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Héi Toan hoc trao béng khen cho céc thiy c6 c6 nhiéu déng gép trong phong trao Olympic Toan hoc Sinh vién giai
doan 2018-2024. Ngu6n: Trudng DH Duy Tan

Ky thi Olympic Toan hoc Sinh vién-Hoc sinh Toan qudc lan tht XXXI nim
2025 sé dudc t6 chtic tai Dai hoc Sai Gon.
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DE THI CHINH THUC

1 Daiso
1.1 BangA

BAI 1. Cho a 13 mdt sb thuc, A 1a ma trn phu thudc vao a:

1 at+1l a+?2 0
at3 1 0 a+2

A=lavr2 o0 1 a+1
0 a+2 a+3 1
(a) Tim hang ctia ma trdn A khia = —1.

(b) Tim tht ca cac sb thuc a sao cho A ¢6 dinh thiic duong.

(¢) Bién ludn sb chiéu ctia khéng gian nghiém ctia hé phuong trinh tuyén
tinh AX = 0 theo a. (O day, X la vecto cOt vGi cac toa do lan lugt la

X,¥,2,t.)

BAI 2. C6 200 con mudi trong mot cin hd gdbm 4 phong véi hé thdng clra nbi

cac phong nhu hinh ve.

Phong4 Phong 2
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Biét rang, moi phut, mbi con mudi chi 4 lai trong phong nod dang 6 hodc bay
sang mot phong bén canh. Ngoai ra, ngu01 ta thong ké dugc rang, v6i moi
phong, ¢6 40% sb mubi 6 lai phong d6, con trong s6 mudi bay ra khéi phong
thi s6 luong mudi bay sang mbi phong bén canh dé 1a bing nhau. Ching
han, trong sb cac con mudi bay tit phong 3 sang phong khéc, thi ¢ mét nia
sang phong 2, mét ntta sang phong 4.

(a) Gia st sau mot phut s6 mudi & cac phong 1, phong 2, phong 3 va phong
4 tuong ung la 24, 50, 52 va 74. Tim s0 mubi 6 moi phong tai thoi diém
ban diu.

(b) Goi trang théi dn dinh 14 trang thai ma k& tit d6 trd di sb mudi 6 mbi
phong déu khéng doi. Tim so lugng mudi tuong ting ctia moéi phong tai
trang thai on dinh do.

BAI 3. Cho P(x) 13 mot da thic véi hé sb thuc théa min (x— 1)P(x+1) =
(x+2)P(x).

(a) Chting minh rang P(x) c6 it nhAt 3 nghiém thuc phan biét.

(b) Tim tit ca cac da thitc P(x) v6i hé sb thuc thda mén diéu kién trén.

BAI 4. V6i x, y,z 1a cac sb thuc, dit

A(x,y,z) = det

N =
=N <
== N

(a) Tim mot khong gian con V ctia R? v6i dim(V) = 2 théa man A(x, y,z) =0
v6i moi (x,y,z) € V. Tim mdt co s6 ctia khéng gian V vira tim dugc.

(b) Ton tai hay khong cac sb nguyén x,y,z sao cho A(x,y,z) = 24?

BAI 5. Cip ma trin thuc, vudng cling cip (A,B), dudc goi la tot néu ca hai
déu kha nghich, va théa mian AB — BA = B?A.

(a) Chting minh ring néu (4,B) 1a mét cip ma trin tot, thi

B=A"'(B*+B)A.

(b) Tim mét cip ma trin tt (A,B) véi cAp clia mbi ma trdn déu bing 2.

(¢) Tim tat ca cac sb nguyen dUOng n sao cho ton tai it nhit mot cip ma
tran tbt (A, B) v6i cap clia mbi ma tran déu bang n.



1. PAI SO 15
1.2 BangB

BAI 1. Cho a 13 mdt sb thue, A 14 ma trin phu thudc vao a:

1 a+1 a+2 0
a+3 1 0 a+2
a+?2 0 1 a+1

0 a+2 a—+3 1

(a) Tim hang ctia ma trdn A khia = —1.
(b) Tim tht ca cac sb thuc a sao cho A ¢6 dinh thiic duong.

(¢) Bién ludn sb chiéu ctia khéng gian nghiém ctia hé phuong trinh tuyén
tinh AX = 0 theo a. (O day, X la vecto cot véi cac toa do lan ludt la
X,,2,1.)

BAI 2. Cho A, B la hai ma tran vuong sau:

0 2 0o -2
= (15)= (5 0)
(a) Tim mot ma trin thuc P cé cp bang 2, sao cho P~'AP 1a ma trin dudng

chéo.

(b) Tim mdt ma trdn thuc R ¢ cip bing 2, dinh thtc bing 1, sao cho
R 'AR=B.

BAI 3. C6 200 con mudi trong mot cin hd gdm 4 phong véi hé thdng clra nbi
cac phong nhu hinh ve.

Phong 4
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Biét rang, moi phut, mbi con mudi chi 4 lai trong phong nod dang 6 hodc bay
sang mot phong bén canh. Ngoai ra, ngum ta thong ké dugc rang, v6i moi
phong, ¢6 40% sb mubi 6 lai phong d6, con trong s6 mudi bay ra khéi phong
thi s6 luong mudi bay sang mbi phong bén canh dé 1a bing nhau. Ching
han, trong sb cac con mudi bay tit phong 3 sang phong khéc, thi ¢ mét nia
sang phong 2, mét ntta sang phong 4.

(a) Gia st sau mét phit sb mudi & cac phong 1, phong 2, phong 3 va phong
4 tuong ung la 24, 50, 52 va 74. Tim s0 mubi 6 moi phong tai thoi diém
ban du.

(b) Goi trang thai 6n dinh 1a trang thai ma ké tit d6 trd di s6 mudi 6 mdi
phong déu khéng doi. Tim so lugng muoi tuong ting ctia moi phong tai
trang thai on dinh do.

BAI 4.

(a) C6 bao nhiéu cach chon ra 3 vién gach, mdi vién tit moét hang trong
hinh sau day, sao cho khéng c6 2 vién gach ndo dudc liy ra ndm ké
nhau? (Hai vién gach dudc goi 1 ké nhau néu ¢ chung mét phan cia
mot canh.)

(b) C6 bao nhiéu cach chon ra 4 vién gach, mbi vién tit mét hang trong
hinh sau day, sao cho khéng c6 2 vién gach nao dudc lay ra nam ké
nhau?
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BAI 5. V4i x, y,z 12 cac s6 thuc, dit

y
A(x,y,z) = det z
X

N =
== N

(a) Tim mét khong gian con V ctia R? v6i dim(V) = 2 théa man A(x,y,z) =0
v6i moi (x,y,z) € V. Tim mdt co s6 ctia khéng gian V vira tim dudc.

(b) Ton tai hay khdng cac sb nguyén x, y,z sao cho A(x,y,z) =242
2 Giai tich
2.1 Bang A

BAI 1. Cho (a,)%_, 1a déy sb thuc dudc xac dinh bédi cac diéu kién

(=1)"
n!

ar=1, a1 =a,+ Vn > 1.

(a) Tim tht ca céc sb nguyén duong n sao cho a, > 1/2.

(b) Chiing minh ring diy sb (a,) hoi tu.

(¢) Gi6i han ctia day sb (a,) 1a mét s6 hitu ti hay v ti? Vi sao?
BAI 2. Cho f: R — R 13 ham sb dugc x4c dinh béi cong thic

ax®+b néuxSO,
flx) =

& +ex néux> 0,
trong d6 a, b, va ¢ 1a cac tham sb thuc.
(a) Xac dinh a, b, va ¢ sao cho ham f lién tuc trén R.
(b) Xac dinh a, b, va ¢ sao cho ham f kha vi trén R.

(¢) Xac dinh a, b, va ¢ sao cho ham f kha vi cAp hai trén R.
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BAI 3. . . ,
Hinh vé bén thé hién mét phan duong thang
(d) c6 phuong trinh

y=2x—1 11
va mét phan parabol (P) ¢ phuong trinh

y=23x

trong mat phéng toa do Oxy.

(a) budng thang (d) va parabol (P) c6 cit
nhau khéng? Vi sao?

(b) Cho cac diém,M € (P) va N € (d). Tim
gia tri nhé nhat cia khoang cach MN.

BAI 4. Goi .% 14 16p tAt ca cdc ham f: R — R kha vi cAp hai trén R va c6
If(x)] <1 v6imoi x.
Ham f dudc goi la ¢o tinh chét SAT néu f thudc .7 va
(£'(x))* <2024|f(x)] v6i moi x.

(a) Chtng minh riang Ilél’l £ 1a mét ham sb thudce 16p .Z va f(x) > 0 v6i moi
x € R thi f co6 tinh chat SAT.

(b) Tim mét ham s f thudc 16p .# nhung f khéng c6 tinh chit SAT.

BAI 5. Cho f: [0,4e) — R la mot ham s6 kha vi sao cho gi6i han

X

lim [ f2(t)de

X—+o0 J(
ton tai va hitu han.
(a) Cho mét vi du vé ham s6 f thda mén tt ca cac yéu cau trén.
(b) Chitng minh ring néu f’ bi chin trén [0,+o0) thi

lim f(x)=0.

X—r+o0

(¢) Khing dinh trong ¥ (b) ¢ con ding khéng néu ta khéng gia thiét ' bi
chan trén [0, +o)? (Néu cau tra 16i la “c6”, hdy chltng minh; néu ciu tra
16i 1a “khong”, hay chi ra vi du vé mét ham £.)



2. GIAI TICH
2.2 BangB

BAI 1. Cho (a,)_, 1a ddy s6 thuc dudc xac dinh bédi cac diéu kién

(=1)"
n!

ar=1, a1 =a,+ Vn>1.

(a) Tim tét c cac s6 nguyén duong n sao cho a, > 1/2.

(b) Ching minh ring day sb (ay) hoi tu.

BAI 2. Cho f: R — R 13 ham sb dugc x4c dinh béi cong thic

ax*+b néuxgo,
fx) = Y A
e +cx neux>0,

trong do6 a, b, va c la cac tham s6 thue.
(a) Xac dinh a, b, va ¢ sao cho ham f lién tuc trén R.
(b) Xac dinh a, b, va ¢ sao cho ham f kha vi trén R.

(¢) Xac dinh a, b, va ¢ sao cho ham f kha vi cip hai trén R.

I]?I?I‘Ill'?“/é bén thé hién mot phin dudng thing
(d) c6 phuong trinh

y=2x—1 11

va mét phan parabol (P) ¢ phuong trinh

y=3x

trong mat ph.'flng toa do Oxy.

(a) budng thang (d) va parabol (P) c6 cit
nhau khong? Vi sao?

19

(b) Cho cac diém,M € (P) va N € (d). Tim
gia tri nho nhat ctia khoang cach MN.

BAI 4. Cho f:[0,1] — R 1a m6t ham s6 lién tuc trén [0,1] va kha vi trong

0,1).
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(a) Chiing minh ring néu f(1) = 0 thi ton tai mot sb thuc xo € (0,1) sao cho

£ (x0)] <2024 (x0)].

(b) Chiing minh ring néu f(1) =0 va
£(x)| > 2024|f'(x)| v6i moix € (0,1)
thi f 13 ham hang.

(©) Khang dinh trong ¥ (b) ¢6 con diing khong néu ta khong gia thiét f(1) =
0? (Néu cau tra 101 1a “c6” hay chiing minh; néu cau tra 15i 1a “khéng”,
hay chi ra vi du vé mot ham so f.)

BAI 5.

Cho D 13 mét phén clia mit phing toa dé
Oxy gom nhiing di€m c6 toa do (x;y) ma y
1 i
T
0<x<—
SXS 2

va

(cosx)*

0<y<
=Y= (sinx)* + (cosx)4

vl 0<x<

STE

(Tham khao hinh vé bén.)
(a) Tinh dién tich cta D.

(b) Cho (d) la mot duong thang di qua hai diém (7r/4 1/2) va (0;a) v6i
0<acx<l. Ngu’01 ta muo6n cat D doc theo (d) dé thu dudc hai phan i
nhau ¢6 cuing dién tich. (Hinh vé trong bai thé hién mot cach cit doc
theo dudng nét dit.) Coi viéc cit khong 1am &nh hudng dén dién tich
ctia D. Xéac dinh gid tri ctia a tuong tng v6i mot cach cat théa méan yéu
cau.

3 Trung hoc pho thong

3.1 Ngay thit nhit: S6 hoc

Thi sinh dugc sit dung két qud ctia cdc cdu trudc trong 16i gidi ctia cdu sau. Néu
mét cdu dugc gidi ma khéng dua vao ket qud cia cdc cdu trudce thi co thé dung
dé gidi cdc cdu trudc.
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A. Cac két qua co ban vé day s6 Fibonacci va Lucas
Day sb Fibonacci {F,}nen dudc xac dinh nhu sau:
Fp=0,FF=1F.,=F, 1+F, v6imoin>O0.
Diy sb Lucas {L,},en dudc xac dinh nhu sau:

Lo=2Li=1,L, =L, 1+L, vOi moin > 0.

BAI 1. Chl’l’ng minh ring v6i moi s6 tu nhién n ta cé:

1+v5.. ,1-5

D £ = = (F52)" - (52)")
by L — (1+2¢§)n+(1—2ﬁ)n.

BAI 2. Chting minh rang v6i moi sb nguyén duong n ta cé:

Fpi1-Fpoy =F> 4 (—1)".

BAI 3. a) Chting minh rang véi moi sb nguyén duong m > n ta c6
Fn = FoF—n+1+ Fn1Fn—n-

b) V6i hai sb tu nhién a va b khong déng th01 bang 0, ta ky hi€u (a,b) 1a uéc
chung 16n nhét ctia a va b. Chitng minh rang v6i moi s6 nguyén duong m,n,
ta co

By Fn) = Fyn -

¢) Biét rang F, 1a s6 nguyén t6. Chiing minh ring n = 4 hodc n 1a mot sb
nguyén to.

BAI 4. Chitng minh rang, v6i moi sb tu nhién n, ta co:

a) L2 —5F? = (—1)"4.

b)FZn:Fn'Lnl- ; ;

¢) Hon ntta, néu n khong chia hét cho 3, thi F, va L, nguyén t0 cung nhau.

n
. 1ea . , . Ny
BAI 5. Ky hiéu S, = Zi 5;, v6i n € N*. Chitng minh rang:
=
1

1 ,e . A A
a) s, = 2-|—2S 1+ZS,1,2,V01 moi sO nguyén n > 3.

b) S, < 2 v6i moi sb nguyén duong n.
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B. M6t s6 tinh chat khac cua day so Fibonacci va Lucas

BAI 6. Ta goi mét diy vo han cac sb nguyen duong {an}neN 13 F—day néu
Anin = Anyl +an v6i moi n € N. C6 thé phan hoach tdp cac so nguyén duong
N* thanh hgp ctia hitu han F—day hay khéng? Giai thich vi sao.

BAI 7. Tim tit ca cac cip sb nguyen duong (k,m) v6i m > k, sao cho day {x,}
dudc xac dinh nhu sau chita mot s6 hang bang 1 :

2x,—1 4
F T ndux, £ 1,
XI:F_' va X1 = 1—Xn, (1’121,2,)
m 1, neux,=1.

BAI 8. Chiing minh rang v6i moi s6 nguyén duong m, tén tai vo han sb
nguyén duong n sao cho
m|(Ft—F,—2).

BAI 9. Ban Thinh chon mét sb trong tap {1,2,. 100} Ban Vuogng mubn biét
s6 ma ban Thinh chon nén hai ban choi mot tro choi nhu sau: ban Vu’dng
lay mot tdp con M cua tip {1,2,...,100} r6i héi ban Thinh tap M c6 chtta soO
da chon hay khong. Néu ciu tra 16i 14 ¢, ban Vuong sé dua cho ban Thinh
20.000 ddng. Néu ciu tra 16i 1a khong, ban Vuong sé chi phai dua cho ban
Thinh 10.000 ddng. Hbi ban Vugng cin cé it nhat bao nhiéu tién d€ chic
chin biét duagc sb ban Thinh da chon?

BAr 10. Cho s6 nguyén duong a. Ching minh rang diéu kién cin va da dé
a xult hién trong diy s6 Lucas 14 tén tai mot sb nguyén duong b sao cho
a®> —ab — b2| =35.

3.2 Ngay thi hai: T6 hop

Thi sinh dugc st dung két qud ctia cdc cdu trudc trong 16i gidi ctia cdu sau. Néu
mét cdu dugc gidi ma khéng dua vao ket qud cuia cdc cdu trudce thi co thé dung
dé gidi cdc cdu trudc.

A. Uéc luong sb cip diém c6 khoang cach 1 trén miit phing.

Cho sb nguyén duong n. Vi mot tép n diém 2, trong mat phang, ta ky hiéu
f(2,) sb cac cap diém trong &, c0 khoang cach bang 1. Bén canh dé, ta ky
hiéu f(n) la gla tri 16n nhét cia f(2,), trong d6 2, chay trén tap hop tit ca
cac tip hop gdbm n diém clia mit phing.

Hon nita, v6i mot tip hop X, ta ky hiéu |X| 14 s6 phan tt clia tip hop dé.
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BAI 1. Cho & = {(x;y) € N?|0 < x;y < 10}. Tinh | 2| va f(2).
BAI 2. Xac dinh gia tri cua f(4).

BAI 3. Chiing minh ring ton tai s6 nguyén duong ng sao cho f(n) > 2n véi
moi sO nguyén n > ny.

BAI 4. Chting minh ring v6i moi sb thuc duong c, ton tai sb nguyén duong n
sao cho f(n) > cn.

BAI 5. Cho sb nguyén duong n va mét tip 2, gbm n diém trong mit phing.
V6i mbi diém X € 2, ta goi d(X) 14 sb cac diém M thude 2, c6 khoang cach
bang 1 t6i X. Xét T 1a tip hop cac bd ba diém sap thit tu (A, B,C) v6i A, B,C
1a cac diém phan biét thudc &2, va AC = BC = 1. Chiing minh rang

a) |T|<2n(n—1).
b) 7] = ¥ dx)(@(x) - 1).

XeZ,

o Y dX)<2f(n).

XeZ,

BAI 6. Chiing minh rang ton tai hing sb ¢ sao cho f(n) < cn®/? v6i moi sb

nguyén duong n.
B. U6c luong sb cip di€m c6 khoang cach 1 trong cac tip dic biét.

Ta goi mot tip diém 13 réng rai néu khoang cach giita 2 diém bat ki déu cé
khoang cach 16n hon hodc bang 1; mét tip diém 13 chat chodi néu khoang
cach giita 2 di€m bAt ki nhé hon hodc bing 1.

Ngoai ra, ta ky hiéu /" (n) (tuong ting f°(n)) 1a gia tri 16n nhat ctia f(2,)
khi 2, chay trén tat ca cac tAp rong rai (tuong ting 14 cac tip chat chéi) gdbm
n diém trong mat ph:?’lng.

BAI 7. Chting minh rang
rr
. n
fim L) 3.
n—r—+oo n
(Néi cach khac, v6i moi sb thuc € > 0, ton tai s6 nguyén duong ny sao cho

[ (n)

n

v6i moi sb nguyén n > ng, tacd 3 —€ < <3+4¢€)

BAI 8. Chting minh rang v6i moi sb nguyén n > 3, ta ¢

f(n) =n.
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C. UGc luong sb cip diém c6 khoang cach 1 trong khong gian.

Cho s6 nguyén du’dng n. V6i mot tap 2, gc‘)m n diém trong khong gian, ta
ky hiéu F (Q ) la so cac cap diém trong 2, c6 khoang cach bang 1. Ky hiéu

F(n) 1a gia tri 16n nhit cta F(2,) khi 2, chay trén tit c cac tip gom n diém
trong khong gian.

BAI 9. Chitng minh ring ton tai cic hing sb duong c;,c, sao cho
cln4/3 <F(n) < czn5/3

v6i moi sb nguyén duong n.

BAI 10. Cho s nguyén duong n. V6i mét tip rong riin diém %, = {A1;As;. . .;
A} trén mat phang, ta ky hiéu T(%,) 14 sb cac cip diém (khéng tinh thit
tu) {A;;A;} thoa man 2023 < A;A; < 2024. Ky hiéu T'(n) 1a gia tri 16n nhat cta
T (%) khi %, chay trén tAt cd cac tAp rong rai n diém trén mit phang. Chiing
minh rang ton tai s6 nguyén duong ng sao cho

n2

T, < —
!

vGi moi n > ny.



CAC BAI DE XUAT: DAI SO

1 MA TRAN

Bai 1.1 (PH Cong nghé Thong tin). Cho A, B la cac ma trdn vuéng théa man
A%024 — B2023 _ [ va AB = BA. Chiing minh rang A + B+ I kha nghich.

Bai 1.2 (DH Cong nghé Thong tin). Cho A,B € M,(C) va dét cac ma tran
khoi

_[A B] ., [A+B o0, [A -B]. . [A+iB 0,
=g a= 0 2= (5 W)e=[15F 2

v6i i = —1. Chiing minh rang M dong dang véi N va P dong dang véi Q.

Bai 1.3 (DH Céng nghé Théng tin). Tim tat ca cac sb thuc a,b thda man

-0 A

Bai 1.4 (DH Giao théng VAn tai). Cho ma trdn A =

cCo oW

—_— N O

oW o =
[

A2024 )

Bai 1.5 (DH bong Thép). Tim ma trin nghich d4o ctia ma trin

1 -1 0 O

0O 1 -1 0
A=

O 0 1 -1

0O 0 0 1

Bai 1.6 (DH TAn Tr30). Tinh tng S cac phn ti trén dudng chéo chinh cla
ma tran A”, trong d6 1 <n e Nva

44 —25 10
A= |25 —11 15|
30 —45 44
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2 PINH THUC

Bai 2.1 (bH Mo-Dia chat) Tinh dinh thtc cip 2022 c6 phan ti tong quat
a;ij(i,j=1,2,...2022) 1a s6 lugng cac wée ctia uée chung 16n nhéit ctia hai sb
ij.

Bai 2.2 (PH Déng Thap). Cho n 14 sb tu nhién 16n hon 1 va ag,ay,...,a, 12
cac so thuc khac khong. Chiing minh rang

N 1 A,
an =
1
cee 1
a)+—
ap
v6i
ay 1 0 0
—1 ai 1 0
A= . . . . .
o ... =1 a,—; 1
o o0 ... =1 a,

Bai 2.3 (DH Tan Trao). Tinh gia tri dinh thic

2004 1 0 - 0 0
2023 2024 2 -~ 0 0
0 2022 2024 -~ 0 0

D: . . . oo . .
0 0 0 - 2024 2023
O 0 0 - 1 2024

Bai 2.4 (DH Vinh). Cho ma trén A vuéng cAp 2024 c6 cac phin td trén dudng
chéo chinh déu la 2024, cac phan t con lai 1a 2023 hodc -2023. Chitng minh
rang ma tran A kha nghich.

Bai 2.5 (DH Hai Phong). Bién luin hang ctia ma trin sau theo x:

1 x+1 x+2 0
x+3 1 0 x+2
x+2 0 1 x+1

0 x+2 x+3 1

A=

Bai 2.6 (DH Tra Vinh). Cho A € M, (K). Ching minh rang
(@) NéuA~' = A thi |det(I—A)|(|det( —A)| —2") = 0.
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A 41 . 2Ut1 4 —1\" R
(b) Neu A =4A thi ’d@t(A —A)’ = W , ke N*,

Bai 2.7 (DH Tra Vinh). Gid st c¢6 cac sb tu nhién ma mbi sb gém ba chit sb
dang ajasas, b1byb3, cicacy déu chia héet cho 13. Chiing minh rang dinh thic

ay az as
by by b3
c1 € ¢3

chia hét cho 13.

3 HE PHUONG TRINH

Bai 3.1 (Dai hoc Dong Thép). Mét cong ty kinh doanh cAy canh 6 Lang hoa
Sa déc t6ng két hoat dong bdn thang ddu nim nhu sau: Trong mbi thang
cong ty trong thém 10% téng s6 cdy xanh hién ¢ trong thang trude, dong
thoi ban ra dude mot sb ciy xanh. Cu thé trong thang thi nhit ban duge 100
cay, thang th hai ban dudc 200 cay, thang tha ba ban dudc 90 cay, thang
cuoi cung ban dudc 40 cay. Sau bbn thang, tong sb cay hién tai trong cong ty
da giam 50 ciy so véi trude. HOi hién nay cdng ty c6 bao nhiéu ciy xanh?

Bai 3.2 (Pai hoc Giao thong VAn tai). Mot ctta hang ban ba loai san pham A,
B, C véi gia clia mdi san phdm 13 ¢ dinh. C6 4 khach hang dén mua hang.
S6 luong san phidm A, B, C ma ngudi th hai di mua tuong ting bing 1,5 1an,
0,75 14n va 2 14n s6 san phdm ngudi thit nhit ¢4 mua. Ngudi thit ba mua mét
ntta s6 san phdm A ma ngudi thit nhat di mua, mua gip 3 14n sb san phdm
B ma ngudi thit 2 ¢4 mua va mua sb san phdm C bang ding sb lugng san
phim C ctia hai ngusi mua trude cong lai. Ngudi th tu mua 15 san phdm A,
30 san pham B va 10 san phdm C. Téng sb san phim ngudi thit nhit mua 13
40 va phai trd mot sb tién it hon ngudi thit hai 420.000 dong va ciling it hon
ngudi thit ba 1.500.000 déng. Ngusi thit tu phai tra s tién nhiéu hon ngudi
thtt hai 1a 660.000 déng. Téng s6 san phdm ngudi thit 2 mua 14 55 va téng
s6 san phdm ngudi thit 3 mua 13 61. Tinh s6 tién ngudi thit nhit phai tra khi
mua hang.

4 KHONG GIAN VECTO

Bai 4.1 (Dai hoc Giao thong Vén tdi). Cho M,N, P la ba khong gian con phén
biét ctia khong gian tuyen tinh R202* véi

dimM = dimN = dimP = 2023.
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(a) Chting minh rang dim(M NN) = 2022.
(b) Chiing minh ring néu (M NN) # (NN P) thi dim(M NN NP) = 2021.

Bai 4.2 (PH Mé-bia chit). Cho cic véc to trén mat phang u,w,z c6 d6 dai
bang 1. Chiing minh rang c6 thé chon cac dau +,— sao cho | fu+w+z| <1.

Bai 4.3 (DH Hai Phong). Ki hi¢u V 1a khong gian véctd cac da thic v6i hé s6
thuc gom da thite khong va cac da thitc ¢6 bac khong 16n hon 2. Cho anh xa
tuyén tinh ¢ : V — V xac dinh bdi:

p(x) = ¢(p(x)) = (x—A)(x+1)p'(x) — 2xp(x),
v6i A € R 13 tham sb. Ky hiéu p/(x) 12 dao ham ctia da thic p(x).

(a) V6i A =0, hay:

* Tim so chiéu va co sd ciia mét khong gian hat nhan Ker ¢;

* Tim sb chiéu va co sé ctia mdt khong gian anh Im ¢;
(b) V6i gia tri ndo cta A thi ¢ 1a mét dang ciu?

Bai 4.4 (PH Tra Vinh). Goi C[a,b] 1a tip hop tit ca cac ham sb lién tuc trén
doan [a,b]. Dinh nghia cac phép toan trén C[a,b] nhu sau

(f+8))=f(r) +g(),

v6i moi 7 € [a,b]. Khi d6 C[a,b] la mot khong gian vécto trén R.

(a) Chiing minh rang tip cac ham kha vi trén [a,b] théa man f' +4f =0
tao thanh mot khong gian vécto con caa Cla, b).

(b) Tim mét co sé va sb chiéu cia khéng gian nay.

5 GIA TRI RIENG

Bai 5.1 (DH Tan Trao). Hay tim mot ma trdn Y va mét ma tran duong chéo
D, sao cho XY =YD, trong do

1 00
4 3 2

S O Q

00
b 0|, abc #0,Y € R¥.
0 ¢
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Bai 5.2 (DH Vinh). Cho ma tran

56 -9
A=\ 1 4 -3
1 2 -1

(a) Tim tat ca cac gia tri riéng va vectd riéng ctia ma trin A.

(b) Xac dinh tit ca cic phan t clia ma tran A20%*.
. o nq
(c) Tim tat ca cac phan t clla ma tran ¢*, trong d6 ky hiéu ¢* = lim ) —'Ak
N— o0
k=0 X

(6 d4y ma tran gi6i han c6 phan td 13 gi6i han cta phén t tuong ting

> "]
ctia ma trdn tong Y FAk)'
k=0 %

Bai 5.3 (DH Cong nghé Thong tin). Cho anh xa ¢ : P»[x] — P;[x] xac dinh nhu
sau: v6i moi p(x) = ag +aix+ax?, ta co

o(p(x)) = (Tag — 12a; — 2a3) + (3ag — 4ay)x — (2ag + 2az)x*

(a) Ching t6 rang ¢ 13 mot todn tit tuyén tinh; xac dinh ma trin A tuong
{ing ctia ¢ d6i véi co s6 {1,x,x*} clia Ps[x].

(b) Tim gia tri riéng, véc to riéng clia A va xét xem A ¢6 chéo hda dudgc hay
khong? Neu dudc, hay chéo hda A va tim ma tran chuyén T cung véi
ma trdn 7! tuong ting, sao cho 7 'AT 13 ma tran dudng chéo.

(c) Cho p(x) = —1—2x+3x%. Hiy xac dinh ¢****(p(x)).
Bai 5.4 (DH Ngoai Thuong). Cho ma tran

o O
DN = =

1

A=13

0

(a) Tim cac gia tri riéng ctia ma tran A.

(b) Tim cAc gia tri riéng clia ma tran 204° — 24 4 41.

Bai 5.5 (DH Tra Vinh). Cho ma tran

7T =12 =2
A=|13 -4 0
-2 0 =2

Ma trin A c6 chéo héa dugc trén R hay khdng? Néu chéo héa dugc thi chi ra
ma trin kha nghich P thda man P~'AP 13 ma trin dudng chéo roi tinh A%0%4
bang hai phép toan nhan ma tran.
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6 DA THUC

Bai 6.1 (DH Giao thong Van tai). Cho P(x) 1a mét da thiic bac 2022 v6i hé sO
thuc. Ching minh rang ton tai duy nhat da thitc O(x) c6 hé so thuc va thoa
man 3 diéu kién sau:

(i) Q(x) 1a da thtic bac 2024.
(i) P(x)=Q(x+1)+0(x—1)—20(x) +70"(x), Vx € R.
(iii) Q(x) nhén sb phitc x = 2+ /7 1a mot nghiém.
Bai 6.2 (DH Vinh). Tim tAt ca cac da thitc P(x) hé sb thuc thda man
P(x).P(2024x*) = P(x**** + 8x*) v6i moi x € R.

Bai 6.3 (DH Vinh). Gia st da thiic P(x) hé sb thuc va khéng cé nghiém thuec.
Chting minh rang

o0 P(2n) ( x)

= (2n)!

ciing 1a mot da thiic khong c6 nghiém thuc, trong do P®)(x) ky hiéu 1a dao
ham cap k cta da thic P(x).

flx) =

0
Bai 6.4 (DH Cong nghé Thong tin). Cho ma trdan A = | —4
-2

—_— N
g oo o

1. Tim da thitc p(x) = X" +a,_ X" "'+ ...+ a1x+ap € R[x] ¢6 bac nhé nhét

thoa mén p(A) = 0.

2. Tim phén du khi 14y da thtc ¢(x) = x*°** chia cho da thtic p(x). Sau d6,
tinh A20%.

3. Tim co s6 va chiéu ctia khéng gian vecto con

V ={f(A) | f 1a mét da thitc hé sb thuc}

Bai 6.5 (DH Tra Vinh). Cho anh xa tuyén tinh f : P,(x) — P»(x) xac dinh béi
F(1+x%) =44 x4 54
F(142x+3x%) =10+ 13x+23x°
f=x+x*) = —1—-2x—3x"
(a) Tim ma trin cla f d6i v6i co s6 chinh tic clia Py (x).

(b) Xac dinh m dé vécto v = 1+ mx — 5x> khong thudc Im f.
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7 TO HOP

Bai 7.1 (Pai hoc Giao théng VAn tai). Ngudi ta cim 30 14 ¢d dé va 11 14
¢ xanh thanh mét hang doc. RS hon, cic ¢ xanh dude cam 6 cac vi tri
1,5,9,...,41 cia hang va cac vi tri con lai 1a ¢ dé. Mot ngudi mubn lua chon
1 cd xanh va 1 cd dé d6i chd cho nhau sao cho sau khi d6i chd van khong c6
2 ¢& xanh nao dude cim canh nhau. Héi c6 bao nhiéu cach ma ngudi dé ¢
thé lua chon.

Bai 7.2 (DH Tan Trao). Cho mot hinh chit nhat (S) c6 kich thuée 2 x n,
0 < n € N. Ky hiéu R, 1a sb cach chia (S) thanh cac hinh chit nhét c¢6 kich
thuéc 2 x 1, 1 x 2 va 2 x 2 va ¢ cac canh song song véi cac canh cia hinh chir
nhat (). Hay tinh cac gia tri R3, R4 va Ryp4.

Bai 7.3 (DH Vinh).

(a) Co 4 cap doi yéu nhau tham gia choi mot tro choi nhu sau: Tén clia
mbi cd gal dudc ghi vao mot tAm thé va bo vao mot phong bi. 4 chang
trai mdi ngudi chon mét phong bi trong sb 4 phong bi néi trén. Hdi c6
bao nhiéu két qua c6 thé xay ra d€ khong c6 chang trai ndo chon ding
phong bi c6 ghi tén ngudi yéu cua minh?

(b) Hdi tuong tu ciu (a) cho trudng hop 10 cdp dbi yéu nhau tham gia tro
choi.



CAC BAI DE XUAT: GIAI TicH

1 DAY SO

Bai 1.1 (DH Cong nghé Théng tin - PHQG Tp. HCM). Cho hai sb thuc duong
a<b.Dbat xo=a,x; =bva

1 T
Xpt1 =Xn+ =Xn—1 (l — COoS —>.
2 n

Chting minh {x,} hoi tu.

Bai 1.2 (PH Pong Thap, N.T. Hiéu va VP. Thinh). Cho day sb {u,} xac dinh
bdi

(a) Tim gia trin € N 16n nhét dé

2023
Un < 5004

(b) Tinh gi6i han

im /uf +uh 4+ iy

n—y4-o0

Bai 1.3 (DH Giao thong Vén Tai). Cho day s6 {a,} thda man
1
5 <ap, < 1Vn Z 1.

Day sb {x,} dudc xac dinh bsi

2(aps+1+xn)—1

Vn > 1.
1 +2ay,1x, -

X1 =41, Xp+1 =

(a) Chitng minh ring day s6 {x,} 13 ddy ting va bi chin trén.

(b) Tim limx,,.
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Bai 1.4 (PH Vinh, N.V. bttc). Véi x 1a mot s6 thuc, ky hiéu [x] 1a sb nguyén
16n nhat khong vugt qua x. Cho day so {x,},-; xac dinh bdi

x1 =2024
2

Xn *
__ M ypent
ntl 3[x,] +4 "

(a) Ching minh xg < 1.

(b) Chting minh {x,},_, 1a day héi tu, tim gi6i han cta day {x,},_;.

2 CHUOI sO

Bai 2.1 _(PH Cong nghé Thong tin - DHQG Tp. HCM). Khdo sat su hoi tu cla

chudi sb
e Bsin®(ka)

Zl+[3sm k)’ ,ou¢{ln:1eZ}, B>0.

Bai 2.2 (PH Khoa hoc Ty nhién - PHQG HN). Hinh vé dudi déy lién quan
dén mot chuoi so duong.

~ 7 . X \ \ <A g 7 A X A
Hay xac dinh chubi nay va cho biét tong ctia nd néu chudi hoi tu.

3 HAM SO

Bai 3.1 (PH Céng nghé Théng tin - PHQG Tp. HCM). Cho f 14 ham sb thuc
trén (0,0). Gid st v6i moi x € (0,00) va @ € R ta ¢6

f(x%) = f(x)sin® o+ f(1) cos® a.
Chttng minh f kha vi tai 1.
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Bai 3.2 (DH bong Thép, N.T. Hiéu va VD. Thinh).

(a) Chting minh ring v6i mbi sé nguyén duong n, phuong trinh

2x=+vVx+n+vVx+n+1
c6 nghiém duong duy nhét, ky hiéu 13 x,,.
(b) Tinh
ai= lim “ va b:i= lim (x.—avh).

n—r—+oo \/ﬁ n——+oo
Bai 3.3 (DH Dong Thap, N.T. Hiéu va VD. Thinh). Cho ham sb f x4c dinh

béi
Z‘COS—‘ néu x#£0
f) = 7
0 néu x=0.

Chting minh rang f kha vi tai 0 nhung f khong kha vi tai cac diém

vli neZ.

Xn:

2n+1

Bai 3.4 (DH Dbng Thap, N.T. Hiéu va V. Thinh). Gia st f kha vi lién tuc
trén (0,00) va cho f(0) = 1. Chting minh ring néu

[f(x)| <e™™
v6i x > 0 thi ton tai xo > 0 sao cho f’ (x0) = —e 0.

Bai 3.5 (DH Giao thong VAn Tai). Cho a, b 14 cac sb thuc va b > 0. Him f x4c
dinh trén [—1,1], dudc cho béi

0 neu x = 0.

Py = {x“ sin(x"?) néux#0;

a) Tim tat ca cac gia tri clia a d€ ham £ lién tuc trén [—1,1].
b) Tim tit ca cac gia tri ctia a d€ ton tai f'(0).
¢) Tim diéu kién clia a, b d€ ton tai f”(0).

Bai 3.6 (DH Giao théng VAn Tai). Mot man anh hinh chit nhét cao 1,4m va
dit & d6 cao 1,8m so v6i tAm mit (tinh tif ddu mép dudi cdia man hinh nhu
hinh vé). bé nhln ré nhat phai xac dinh vi tri diing tai O sao cho goc nhin 16n
nhét. Tinh khoang cach tit vi tri d dén man anh? Biét rang goc BOC nhon.
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C
4
1,4rn§
X B
1,8m
v
A 0]

Bai 3.7 (PH Khoa hoc Tu nhién - PHQG HN). Cho f: R — R 13 ham sb dudc
xac dinh bdi céng thiic

2 +a néuxg(),
flx) = 4
be* +x néux>0,

trong d6 a va b 1a cac tham sb thuc. Xac dinh a va b sao cho ham f c¢6 nguyén
ham trén R.

Bai 3.8 (DH Vinh, N.V. Dtic). Cho ham sb sau f: R — R lién tuc trén R théa
man

fr2a(x) =x, Vx e R

trong do

Jor1(x) = f(fa(x)), Vx €R, Vn € N*
filx) = f(x), ¥x e R.

Chting minh rang
fH(x)=x, VxeR.

Bai 3.9 (DH Vinh, N.V. Ditc). Cho ham sb

1
2023% +2024* \ *
o= (BB

(a) Tim
lim f(x).

x—0t

(b) Chiing minh £ 13 ham s6 don diéu ting trén (0,+oo).
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4 PHEP TINH VI PHAN

Bai 4.1 (DH Bach khoa - DPHQG Tp. HCM, PT. Thuc).

(@) Cho f: (—oo,+o0) — [0,+o0) 1a ham s6 c6 dao ham lién tuc t6i cip ba va
thda man
max | /" (x)| < 1.
xeR

Chting minh rang
f(x) > —{/=f(x), Vx € R.

(b) Tim tat ca cac ham s6 f théa man diéu kién cta y (a) sao cho

33
f(x)=— ), VxeR.

Bai 4.2 (DH Cong nghé Théng tin - PHQG Tp. HCM). Cho ham sb f:[0,1] —
R lién tuc trén [0, 1], kha vi trén (0, 1) sao cho c6 mot M > 0 va ¢ € [0,1] thoa
flc)=0va

[f (%)) < M|f(x)], Vx € (0,1).
Chting minh f(x) =0 v6i moi x € [0, 1].

Bai 4.3 (DH bong Thép, N.T. Hiéu va VD. Thinh). Cho f kha vi trén R va f’
giam ngét trén R.

(a) Chtng minh ring v6i mbi x € R, ta c6

Fat+1) = fx) < f'(x) < flx) = fx—1).

(b) Chiing minh ring néu ton tai liIB f(x) =L thi
X—r 400

lim f'(x)=0.

X—>+oo

(¢) Tim ham sb g kha vi trén R va ton tai lir£ g(x) = L nhung
X—>—+o0

lim g'(x) #0.

X—>4-00
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Bai 4.4 (DH Giao thong VAn Tai, N.T. Huyén). Gia st V la tap hgp cac ham
lién tuc f: [0,1] — R va kha vi trén (0, 1), théa man

Xac dinh cac gid tri & € R d€ v6i mbi f € V, lubn tdn tai & € (0,1) sao cho

f(&)+a=fl(a).

Bai 4.5 (DH Khoa hoc Tu nhién - PHQG HN). Cho f:[0,3] — R 1a ham lién
tuc trén [0,3] va kha vi trong (0,3). Chitng minh rang ton tai ¢ € (0,3) sao cho

_fB) -2+ (1) = f(0)
> :

Bai 4.6 (DH M9 - Dia chit, H.N. Huén). Gia st ¢6 chudi c6 hai dau hudng
ra vo cuc

+f”(x)+f’(x)+f(x)+/Oxf(t)dt+/0x(/()tf(s)ds)dt+...

\ A A A PR Ae 1) [N . R A \
va hoi tu déu trén khoang (—1,1). Hoi rang chuoi la biéu dién cia s6 nao?

Bai 4.7 (PH Vinh, N.V, bitc). Cho ham s6 f : R — R ¢6 dao ham dén chp hai
va f” 1a ham lién tuc trén R. Hon nita ham s6 f thda man

f(x)| <2024, Vx € R.

Chitng minh rang ton tai x € R sao cho f”(x) = 0.

5 PHEP TINH TICH PHAN

Bai 5.1 (DH Céng nghe Théng tin - PHQG Tp. HCM). Cho s6 thuc duong o
va ham s6 f lién tuc va nghich bién trén [0,1], a € (0,1) théa

a a
/0 ft)dr < 2005
va f(0) = B > 0. Chting minh phuong trinh

f(x) — )C2024

c6 nghiém trong [0, 1].
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Bai 5.2 (DH Dong Thap, N.T. Hiéu va VD. Thinh). Gié st f 13 ham s6 kha vi
lién tuc trén doan [0, 1], théa man diéu kién £(0) =0va 0 < f/(x) < 1 v6i moi
x € [0,1]. Xét ham so0 F xac dinh béi

— (/Olf(x)dx>2—/0t(f(x))3dx véire|0,1].

(a) Chitng minh ring F 12 ham sb dong bién trén [0,1].

( | lf(X)dX)z > [

Cho moét vi du vé& ham f ma dang thitc xay ra.

Bai 5.3 (DH Giao thong Vin Tai, N.T. Huyén). Cho f: [0,1] — (0, +oco) 1a mét
ham kha tich théa man

(b) Chitng minh ring

fO)f1—x)=1 Vxe][0,1].
Chting minh rang

/Olf(x)dxz L.

Bai 5.4 (DH Khoa hoc Tu nhién - DHQG HN). Cho f: [0,1] — R la ham khd
tich trén [0, 1] va lién tuc trén (0, 1). Chitng minh rang ton tai a,b € (0, 1) phan

biét sao cho
/ ) )+f( )

Bai 5.5 (DH M4 - Dia chét, H.N. Hun). Tinh tich phén
//// exzﬂzﬂzﬂ’zdxdydzdv.
x2+y2+z2+v2<1

Bai 5.6 (PH Vinh, N.V. Bttc). Chiing minh rang
S [ (s e 3
8w Jxn/e x *Son
6 PHUGONG TRINH HAM

Bai 6.1 (DH Khoa hoc Ty nhién - PHQG HN). Cho f: (0,1) — R 1a m6t ham
kha vi. Tim f néu

(f ()

>_3f(x)+2=0 v6imoixe(0,1).
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HUGNG DAN GIAI
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DE THI CHINH THUC

1 Daiso

1.1 BangA
BAI 1.
(a): V6i a = —1 thi ma trén A bang
1 010
21 0 1
A=11 01 0
0121

Hang clia ma trin lic nay bang 3.

(b): Dung bién d6i so cAp hang va khai trién Laplace ta c6

1 at+1l a+2 0

a+3 1 0 a+2
det(A) = det 0 4 at3 -1
0 a+2 a—+3 1
1 0 a+?2 at+1 a+2 O
=det| a a+3 -1 |—(a+3)det| a a+3 —-1],
a+2 a+3 1 a+?2 a+3 1

=2(a+3)+(a+2)a(a+3)—(a+2)(a+3)]—
—(a+3)[2(a+3)(a+1)—(a+2)(2a+2)],
=2(a+3)—2(a+2)(a+3)—(a+3)(2a+2),
=—4(a+1)(a+3).

Do d6 dinh thic det(A) > 0 khi va chi khi —3 <a < —1.

(€): Néu a # —3,—1, thi det( A) # 0. Do do trong truéng hgp nay phuong trinh
chi c6 nghiém tdm thudng, sb chiéu ctia khong gian nghiém tuong ing bing
0.

V6i a € {—1,-3}, tinh cu thé dudc rank(A) = 3. S6 chiéu cta khéng gian
nghiém tuong Gng bang 4 —rank(A) = 1.
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BAI 2.
(a): Goi a; 1a s6 mubi ban diu tuong ng ctia phong i € {1,2,3,4}. Tl gia
thiét ta c6 hé phuong trinh:

0.4a; +0.2a4 = 24,

0.4a; +0.3a3 4+ 0.2a4 = 50,

0.3a; +0.4a3 +0.2a4 = 52,

0.6a; +0.3a> +0.3a3+0.4a4 = 74.

Giai hé phuong trinh nay ta nhin dudc nghiém (a1, az,as,a4) V6i:
a1 = 20,a, =40,a3 = 60,a4 = 80.
Viy thoi diém ban diu s6 mubi ctia cac phong 14n ludt 1a 20;40;60; 80.

(b) Goi x1,x2,x3,x4 12 s6 mubi tuong Ung cla cac phong 1,2,3,4 6 trang thai
én dinh. Khi do x1 +xz +x3 + x4 = 200, va sau mot phut s6 mudi mdi phong
tuong ung sé 1a x|, x5, x5, x, trong d6

x'l = 0.4x; + 0.2x4,

x’z = 0.4xy +0.3x3 + 0.2x4,

x3 = 0.3x2 4 0.4x3 + 0.2x4,

xﬁl =0.6x; +0.3x2 +0.3x3 + 0.4x4.

Tir di€u kién trang thai on dinh (x},x5,x3,x}) = (x1,x2,x3,x4) ta cd

( ) 1 2 2
X = — — —
1,X2,X3,X4 36173(1,361,61 )

v6i a 1a mot s6 ndo dé. Két hop véi diéu kién x| +x, +x3 4+ x4 = 200, suy ra sb
muoi tuong Uing cta cac phong 1,2,3,4 & trang thai 6n dinh 1a 25;50;50;75.
BAI 3.

(a): Thay x = 1 vao gia thiét ta 6 0- P(1) = 3-P(1). Do d6 P(1) = 0. Lai thay
x=0taco2 P0)=(-1)-P(1). Két hop véi P(1) = 0, suy ra P(0) = 0. Lai
thay x = —1 va ket hop v6i P(0) =0, suy ra P(—1) = 0. Do d6 da thtic P(x) c6
it nhat ba nghiém thuc la 1,0,—1

(b): Tit phin () suy ra P(x) = x(x— 1)(x+ 1)G(x), v6i G(x) 1a mot da thirc
nao d6 véi hé sb thuc. Thay vao dang thitc ban dau ta dugc:

x(x—=1D)x+1)x+2)Gx+1) = (x+2)x(x—1)(x+ 1)G(x).

Tir do suy ra G( )=G(x+1) v6i moi x ¢ {0,£1,—2}. Do d6 G(x) = ¢ 1a mot
da thtic hang s6. Tt d6 suy ra

P(x) =cx(x—1)(x+1),
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v6i ¢ 12 mét sb thuc bat ky. Thi lai suy ra tht ca cac da thitc théa man dé bai
la P(x) =cx(x—1)(x+1) v6ic €R.
BAI 4.
(a): Dung khai trién Laplace ta c6

det(A) = —(x* +y° +2°) +3xyz,

= —(x+y+2) ()P + 27—y —yz— ).

Nh\LI vay det(A) =0 khiva chikhix+y+z=0 hoécx2+y2+zz—xy\—yz—zx:0.
Diéu kién sau tuong duong x =y = z. Do d6 khong gian con can tim V vo6i
so chiéu 2 1a tAp nghiém ctia phuong trinh x +y+z = 0. Mt co s6 ctia n6 la
((—1,1,0);(—1,0,1)).
(b): Gia st x,y,z € Z thda min A(x,y,z) = 24. Thé thi

—(x+y+2) (P Y+ —xy—yz—zx) = 24.
Do d6 mét trong hai s6 x+y+z va x> +y> +z> — xy — yz — zx phai chia hét cho
3. Mit khac
2, 2.2 _ 2
X4y 7 —xy—yz—zx = (x+y+2z)” —3(xy+yz+zx).

Thé thi x+ y +zva x +y? +2% —xy — yz— zx cing chia hét cho 3. Lac nay tich
ctia hai sb sé chia hét cho 9. Tuy nh1en 24 khong chia hét cho 9, nén diéu nay
v 1y Tit d6 suy ra khong ton tai cac sb nguyén x, y,z thda man dé bai.

BAI 5. )
(a): Ti gia thiét AB— BA = B?A, ta ¢6

A" (B*+B)A=A""BPA+A 'BA=A"'(AB—BA)+A 'BA=A""'AB=B.
Do dé B=A""(B*+B)A.

(b): Vi du vé moét cap ma tran tot la

0 1 —1 1
Azz(l 0)’32:(—1 —1)'

(c) Ta ch1 ra ton tai cap hai ma trén (A,B) la tot khi Va chi khi » 1a mot sb
chin. bau t1en gia st ton tai hai ma tran A, B co cung cap n théa man dé bai
v6i n 1a mot s6 18. Theo phan (a), B va 32 + B d6ng dang, suy ra chung co
cung tap cac gia tri rleng Vi cap cua B 1é, nén da thic dic trung cta B la da
thiic bac 1 v6i hé sb thuc, suy ra B ¢6 it nhit mét gia tri riéng thuc A,. Do dé
B+ B c6 gia tri riéng thuc A, = A2 + A;. That vay

|(B>+B) — (AL + M) In| = [(B—AL,)| - |(B+AL) + 1, =0
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Theo diéu trén B va B>+ B c6 clng tip gia tri riéng, nén B ciing nhan A, =
A%+ A1 1a mot gia tri riéng thuc. Lip lai 1ap ludn trén, B ciing nhan A3 =
A3 42, Ay = A2 +As, ... 1am céc gi4 tri riéng. Vi tap gia tri riéng clia mot ma
trdn chi 1a hitu han, nén day {1,,1,,...} tuan hoan, nghia la tén tai k £/ € Z*+
sao cho )

M1 = A+ M,

Mz = Ay + it

b

M=AE 0+ A,
szk = ),lz—l-l[.

Thé thi A? +---+ A2 =0, v6i A, ..., 4; € R. Do d6

M=...=X=0.

Tit d6 suy ra B nhén A = 0 1a mot gid tri riéng, suy ra B khong kha nghich,
suy ra vO ly. VAy cdp ma trin cung cap 1é khong thé 1a tot.

Bay gi6 ta chiing minh v6i moi n chin, luén ton tai A, B cip n théa man dé
bai. Nhu phan (b), v6i n = 2 ta da chon dudc cdp ma tran tot

01 -1 1
(o) =0 )
V6i n = 2k 13 mot sb chén bét ky, ta chon ma tran khéi:

AZAQ@---@AQ,

v6i s6 khoi bang k. Khi dé cip (A,B) 1a tbt véi cip clia A, B bang n. VAy tip
cac so n thoa man dé bai la n chan.

1.2 BangB

BAI 1.
(a): V6i a = —1 thi ma trdn A bang

S = N
— O = O
N = O =
— O = O

Hang ctia ma trin lic nay bang 3.
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(b): Dung bién d6i s6 cAp hang va khai trién Laplace ta c6
1 a+1 a+2 O

a+3 1 0 a+2
det(A) = det 0 0 at3 1
0 a+2 a—+3 1
1 0 a+2 a+1l a+2 O
=det| a a+3 —1 |—(a+3)det| a a+3 —-1],
a+2 a+3 1 a+2 a+3 1

=2(a+3)+(a+2)[ala+3)—(a+2)(a+3)]—
—(a+3)[2(a+3)(a+1)—(a+2)(2a+2)],
=2(a+3)—-2(a+2)(a+3)—(a+3)(2a+2),
=—4(a+1)(a+3).

Do d6 dinh thic det(A) > 0 khi va chi khi —3 <a < —1.

(€): Néu a # —3,—1, thi det( A) # 0. Do do trong truong hdp nay phuong trinh
chi c6 nghiém tam thudng, sb chiéu ctia khéng gian nghiém tuong ting bang
0.

V6i a € {—1,-3}, tinh cu thé dudc rank(A) = 3. S chiéu ctia khéng gian
nghiém tuong Ging bang 4 —rank(A) = 1.

BAI 2.

(a): Hai ma trin A, B cuing c6 da thitc dic trung 1a X? — 2, do dé cling c6 gia
tri riéng +v/2.

T
V6i A = v/2, mot vectd riéng tuong Gng ctia A 1a (\/5, 1) .

T
V6i A, = —+/2, mét vectd riéng tuong tng clia A 1a <—\/§, 1) .

Do doé véi
V2 V2
P= ,
1 1
ta co /3
2 0
P lAP = .
(o fz)

(b): Piéu kién R 'AR = B tuong ducng AR = RB. Dit

a b
k= 0):

suy ra diéu kién AR = RB tré thanh

a=—d,
b=-2c.
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Do d6 tht ca cac ma trdn R thda mén dé baila: R = (? __2;) ,VOia,b,c,d cR
théa min —a®+2¢% = 1. Vi du vé m6t ma trdn nhu vAy cho béi R = G :T) .
BAI 3.

(a): Goi g; 13 s6 mudi ban diu tuong ting ctia phong i € {1,2,3,4}. Tit gid
thiét ta c6 hé phuong trinh:

0.4a; +0.2a4 = 24,

0.4a; +0.3a3z +0.2a4 = 50,

0.3a; +0.4a3 4+ 0.2a4 =52,

0.6a; +0.3a; +0.3a3 + 0.4a4 = 74.

Giai hé phuong trinh nay ta nhin dudc nghiém (ay,az,as,a4) voi:
a; =20,a, =40,a3 = 60,a4 = 80.
Vay thoi diém ban dau sb mudi ctia cic phong 1an luot 13 20;40; 60; 80.

(b) Goi x1,x2,x3,x4 12 s6 mudi tuong 1Ing cta cac phong 1 ,2,3,4 4 trang thai
on dinh. Khi do x1 +x2 +x3 + x4 = 200, va sau mot phut s6 mudi mdi phong
tuong ng sé 1a x},x5,x5,x, trong d6

x] = 0.4x1 4+ 0.2x4,
x’z = 0.4xy +0.3x3 +0.2x4,

x3 = 0.3x2 4+ 0.4x3 + 0.2x4,
xﬁl =0.6x1 +0.3x2 +0.3x3 + 0.4x4.

T diéu kién trang thai on dinh (x},x5,x5,x,) = (x1,x2,x3,x4) ta cd

( ) 1 2 2
X1,X2,X3,.X4) = | -a,—-ad,—-a,d
1,A2,A3,44 3 53 73 ’ )

v6i a 1a mot s6 nao d6. Két hop véi diéu kién x; +x; +x3 +x4 = 200, suy ra sd
muoi tuong Uing cua cac phong 1,2,3,4 & trang thai 6n dinh la 25;50;50;75.
BAI 4. .

(a): Ky hiéu cac vién gach & hang tht 2 lan luct 1a A,B,C,D,E.




1. PAI SO 47

Nhan thiy mot trong cac vién gach A, B,C, D, E phai dudc chon.

V6i vién gach A, ¢6 3 cach chon mot vién gach 6 hang 1 khéng ké véi A.
Tuong tu, cb 3 cach chon mét vién gach & hang 3 khong ké véi A. Suy ra cb
3 x 3 =9 cach chon ra ba vién gach khong ké nhau, mét tit mdi hang, trong
dé6 vién 6 hang 2 1a A.

V6i vién gach B, ¢6 3 cach chon mét vién gach 6 hang 1 khong ké véi B.
Tuong tu, c¢6 3 cach chon mot vién gach 6 hang 3 khéng ké véi B. Suy ra c6
3 x 3 =9 cach chon ra ba vién gach khéng ké nhau, mét tit mbi hang, trong
d6 vién 6 hang 2 1a B.

V6i cac tinh toan tuong tu,

 C63x3 =9 cach chon ba vién gach khéng ké nhau, mot tit mbi hang,
trong do6 vién & hang 2 1a C.

* C6 3 x3 =9 cach chon ba vién gach khéng ké nhau, mot tit mdi hang,
trong d6 vién & hang 2 1a D.

e Cb 4 x4 =16 cach chon ba vién gach khéng ké nhau, mét tit mdi hang,
trong d6 vién 6 hang 2 1a E.

N\ /I\ /\7 /,\ s /4 \
Vi thé tong so cac cach chon la

9+9+9+4+9+16=>52.

(b): Ky hiéu cac vién gach 6 hang 21a K,H,L,M,Nvad hang 31a X,Y,Z T, U.

P& 14y ra cac vién gach 6 hang 2 va hang 3, ta ¢6 cac cach sau: KY,KZ,KT,KU,
HZ,HT,HU, LX,LT,LU, MX,MY,MU, NX,NY,NZ.

Goi k (tuong Gng h,l,m,n) 14 sb cach chon ra mét vién gach & hang 1 khong
ké v6i K (tuong Gng H,L,M,L).

Tuong tu, goi x (tuong Ung y,z,7,u) 1a sé cach chon ra mot vién gach 6 hang
4 khong ké v6i X (tuong tng Y,Z,T,U).

Khi d6 s cach chon ra 4 vién gach tit mbi hang, trong d6 cac vién & hang 2,3
tuong tng 13 P,Q, v6i P € {K,H,L,M,N}, Q € {X,Y,Z,T,U} bang pq. (Vi du,
P=K, Q=Y, thisb cach chon 13 ky.)
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Dé théy;

Vi thé s0 cac cach chon ra 4 vién gach thoa man bai toan bang

ky + kz 4kt 4 ku + hz 4 ht + hu + Ix + It 4 lu + mx + my + mu + nx +ny + nz
=4-34+4-34+4-3+4-4+3-3+3-3+3-44+3-343-34+3-4+3-3+

+3-3+3-4+3-3+3-34+3-3
=9-3-34+6-4-3+4-4=81+72+16=169.

BAI 5.
(a): Dung khai trién Laplace ta c6

det(A) = —(x* +y* +2°) +3xyz,
—(x+y+2) (P +y*+ 22 —xy —yz — ).
Nhu véy det(A) = 0 khi va chi khi x4y +z=0hodc x> +y* +z* —xy—yz—zx =0.
Diéu kién sau tuong duong x =y = z. Do d6 khong gian con can tim V voéi
sO chiéu 2 1a tip nghiém ctia phuong trinh x4 y+z = 0. M0t ¢6 s6 cua nd la
((—1,1,0);(—1,0,1)).
(b): Gia st x,y,z € Z thda min A(x,y,z) = 24. Thé thi

—(x+y+2) (P + Y+ —xy—yz—zx) = 24.

Do d6 mét trong hai s6 x+y+z va x> +y> +z% — xy — yz — zx phai chia hét cho
3. Mat khac

Xy 4+ —xy—yz—zx = (x+y+z)2—3(xy+yz+zx).

Thé thi x+y+z va x> +y? + 7% — xy — yz — zx cling chia hét cho 3. Lic nay tich
ctia hai sb sé chia hét cho 9. Tuy nhién 24 khong chia hét cho 9, nén diéu nay
v6 Iy. Tt d6 suy ra khong ton tai cac sb nguyén x,y,z théa man dé bai.



2. GIAI TICH

2 Giai tich
2.1 Bang A
BAI 1.

(a) Tu dinh nghia

(b)

1 1 fe
= apj— — < apk— 6l moi k > 1.
A2k = dok—1+ 20! 21! 2k—-1 V! o1k =
VAy day con (a1 )i don diéu giam. Tuong tu,
1 1 e
W42 = Aok — + >ay, VvOimoik>1.

(2k+1)! " (2k)!

Vay day con (ay)x don diéu ting. Van tit dinh nghia ta cé

gyl = ok +—— >ay, vOéimoik > 1.

(2k)!

Két hop cac diéu trén ta di dén

Ay < ag < <A <2 <<y <ay_1<---<az<ai.
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Do ay = 0 va a3 = 1/2 nén tit ca cac s6 nguyén duong n sao cho a, > 1/2

la1va3.

Ta da biét diy con (a2k) don diéu ting va bi chin trén bdi a;. VAy (ay )k
hoi tu. Ky hiéu a.. 1a gi6i han cta day con (axy)i- Ta st dung dinh nghia
dé€ chitng minh a, — a... Thét vay, ldy € > 0 bat ky; ta cin chi ra ton tai

N € N sao cho
lan — ae| < € VvO6imoin>N.

Trudce hét ta chon N; € N sao cho

1 € ..
m<§ VOIlekZNl.

Khi do ta luén co

1

a1 —ao| = W < vOi moi k > Nj.

o M

Tiép theo Vi ay; — de khi k — o0 nén tdn tai N> € N sao cho
& ,e .
|azk — o] < > v6i moi k > N,.

By gio ta chon N = max{2N,2N,} va xét n > N bét ky.
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* Néu n 13 mot sb chin, ching han n = 2k véi k € N, thi tit cach chon
N, ta cd ngay
€
|an — o] = laz —aw| < 5 <e.

 Néu n 1a mot s6 1é, ching han n = 2k+ 1 v6i k € N, thi tit cach chon
N; va N, ta c6 ngay

€ €
|an — Qoo| = |A2k11 — Goo| < |A2k — oo| + |a2k 11 — ani| < 5‘1‘5 =&

dok=n/2—1/2>N/2=max{N|,N,}.

Nhu vay trong moi truong hgp ta ludn co |a, — a«| < € v6i moi n > N, va
do d6 day sb (a,) hoi tu (dén a..).

(¢) Ta chting minh gi6i han ctia day sb (a,) 12 mét s6 vo ti. Theo y (b) day
s& (a,) hoi tu va giéi han ctia n6 1a mot s6 duong. Phan ching, gia st
gi6i han clia (a,) 12 s6 hitu ti p/q trong d6 p va ¢ 14 cac s6 nguyén duong
nguyén t6 cting nhau. Ta nhéc lai tit 7 (a)

ax /'p/q va ayi1 \(p/q

Do do

1
CESI

Do cac day con (ay) va (ay41); 1a don diéu ngat nén ta phai c6

0<

an_g‘ < ‘an+l _an‘ =
q

Yn> 1.

1
0<
(n+1)! -

an_l_)}g
q

L4y n > ¢ bat ky (va cb dinh), bang cach nhén cac vé ctia bat dang thic
trén véi n! ta dudc

! 1
O<‘n!an——np < .
q n+1

Pay 1a diéu v6 1y vi nla, —n'p/q € Z.

Nhan xét.
* Day (ay,) 12 ddy t6ng riéng clia chubi dan diu
-1

= (1
n;( )! .

n

Chudi nay hoi tu theo tiéu chuén Leibniz.
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* Sau day la mot phép chiing minh khac cho a.. ¢ Q khoéng st dung tinh
don diéu cta cac day con (ay; ) va (ay1);- Phan chiing, gia st

11 1 (=" (=1)"H!

TR T TR A R P T

m
n

v6i m va n nguyén duong nguyén td cing nhau. Nhan hai vé véi n! ta

di dén
11 1 (=)™ (=1)"n!
1—-— 4+ — — — ... > ceie=(n=1m.
”( TR TR TR T Ry ey s T R
s
VAy S 1a mot sb nguyén khong 4m. Do
S| < 1 n 1 1 n 1 1 n
n+1 n+ln+2 n+1(n+2)?
1 1 1
< —=-<1
n—l—ll—m n

nén ta phai cé S = 0. Tuy nhién, |S| > 0, va do d6 gia thiét phan ching

14 sai, vi
1 1 1
513 | :

n+l (n+1)(n+2) (m+1)(n+2)(n+3)
2 1

ER

n+l n

BAI 2.

(a) Khix # 0 thi f 1a ham lién tuc véi moi cach chon a, b, va c. Vi vay, ta chi
can khao sat tinh lién tuc cta f tai x = 0. RO rang

Tim £(x) =b = £(0)

va 1
li =1.
xﬁlr(gif(X)
Vay khi b =1, a va c tuy y thi f lién tuc tai 0 va ' 1

do d6 lién tuc trén R. (Tham khao hinh vé bén véi
b=1,c=-2,vaa=—1.)

(b) D& £ kha vi trén R thi f cin phai lién tuc trén R. Theo y (a) ta phai ¢
b =1.Khi x # 0 thi f luén la ham kha vi v6i moi cach chon a va c. Vi véy,
ta chi can khao sat tinh kha vi ctia f tai x = 0.
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Theo dinh nghia

Coy - e JE—fO0) a1
f_(O)—xl_IE(I)l_ x—0 _xg%l— X =0
va 1
— f(0 o —1
£.(0)= lim fO)=fO0) el _ .. |
x—0+ x—0 x—0+ X _’1 ‘ 1

VAy khic=—1,b=1,va a tuyy thi f kha vi tai 0
va do do6 kha vi trén R. (Tham khao hinh vé bén
véib=1,c=—-1,vaa=—1.)

(¢) Ty (b) ta biét rdng khi c = —1, b =1, va a tuy ¥ thi ham f kha vi trén

R. Trong trudng hop nay, dao ham ctia ham f la

2ax néu x <0,
flxy=<0 néu x =0,

e*—1 neux>0,

Vi vay khi x # 0 thi  luén 13 ham kha vi cip hai

v6i moi cach chon cta a. Tai x =0 ta ¢ \/
/ gl x 1
x—0+ x—0 =0+ X
va , o 5 4 1
lim M — lim ~ax - 2a.
x—0— x—0 x—0— X

Vay khic=—1,b=1, v a=1/2 thi f kha vi cAp hai tai 0 va do d6 kha
vi cap hai trén R. (Tham khao hinh vé bénvéib=1,c=—1,vaa=1/2.)

BAI 3.

(a) buong thang (d) va parabol (P) khéng cat nhau vi phuong trinh hoanh

dd giao diém
3x2 =2x—1
khong cé nghiém thuc. (C6 thé thiy 3x> — 2x—1) =22+ (x— 1)> > 0.)

(b) Goi (T) 14 tiép tuyén ctia (P) tai (1/3;1/3). Khi d6 (T) c6 phuong trinh

1
2y -
T3
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Do (T) ¢ hé sb goc 2 nén (T) song song véi (d).
Ta sé chitng minh khoang cach ngin nhét gitta (d)
va (P) chinh 1a khodng cach gitta (d) va (T) va do
do bang

2V5

15 °
Khodng cach nay dat dudc tai hai diém .
0

Bem w QDo

Do (T) va (d) la cac dudng thang song song nén dé chitng minh khoang
cach ngan nhat gitta (d) va (P) chinh la khoang cach gitta (d) va (T) ta
chi can chiing minh (P) va (d) nam vé hai phia khac nhau cta (7).

That vay, do phuong trinh

1
3% =2x— -
X X 3
chi ¢6 nghiém duy nhét x = 1/3 nén (P) va (T) chi cit nhau tai diém
(1/3;1/3). Diéu nay chiing t6 (P) nam vé moét phia so véi (T).

Cubi cling vi diém (1/6;0) € (T) nam gitta cac diém (0;0) € (P) va (1/2;0) €
(d) nén (P) va (d) nam vé hai phia khac nhau cta (7).

BAI 4.

(a) Liy f € .Z bat ky sao cho f > 0. Trudce tién ta ching minh f/ > —\/2f.
Thét vdy, xét x € R bat ky nhung ¢ dinh. V6i h > 0 tly ¥, theo cong thic
khai trién Taylor véi phan du Lagrange ta c6

L@, G,

flxt ) = £+ 1

trong d6 &, € [x,x+h]. St dung gia thiét f > 0va |f’| <1 nén ta cb

/ / 2
0< f(x+nh) Sf(x)-l—fl(‘x)h-l— fgé'h)hz) Sf(x)-l—f’(x)h—l—%.
Vay
f(x) > —%—g v6i moi i > 0.

Xét hai truong hop:
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(b)

(i) Néu f(x) =0 thitlt f'(x) > —h/2 vado h >0 tly y nén f'(x) >0 =
2f(x).
(i) Néu f(x) > 0 thi bang cach chon h = \/2f(x) ta dugdc

f/(x) > f(x) Y 2f /—

Nhu vdy trong ca hai trudng hop ta déu thu duge f'(x) > — /21 (x).

Bang ly ludn tuong tu ta chitng minh dude f’ < \/2f. Thit vdy, trong
trudng hop nay véi h < 0 ta c6 cong thiic khai trién

re,, 116,

1! 2! "

flx=h)=f(x) -

trong d6 & € [x— h,x]. St dung gia thiét £ >0 va [f”] <1tacd

f'(x) f’
1!

h2
h2‘<f — )+ —.

h
* 2

0<flx—h) < flx)—

Vay
<y

Bang cach xét truong hop va lap luin tuong tu ta thu dude f'(x) <
V2f(x). Két hop lai ta dudc

2f(x) < f'(x) < V2f(x)

va do d6 f c6 tinh chit SAT.

v6i moi 4 > 0.

NS

Xét ham f: R — R dudc cho bdi
f(x) = sinx.
RG rang f 1a ham kha vi cAp hai va cé
|f"(x)] = |sinx| < 1.
Vay f € .#. Tuy nhién,
|£/(0)] = |cos(0)| = 1 > 0 =2024]|sin0].

VAy ham f x4c dinh nhu trén khéng c6 tinh chit SAT.
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Nhan xét. V6i 0 < f € .Z bét ky, ta chi can kiém tra bat dang thitc 8 ¥ (a) tai
x = 0 la da. That vy, xét ham g : R — R dudc xac dinh bdi

8(t) = fx+1).

Dé thiy g > 0, g kha vi cAp hai, va cé

gt)=rf(x+1) va g"(t)=f"(x+1).

Viy ham g € .% va bt dang thitc can chitng minh (cho ham f) trd thanh

(¢'(0))” < 20242(0).

BAI 5.

(@

(b)

Ham sb f : [0,400) — R dudgc cho béi

flx)= v6ix >0

1+x

théa man cdc yéu ciu. Thét vy, trudc tién ta thay

og/oxfz(z)drzfox( dt X<

1+6)2  x+1 <

X
v6i moi x > 0. Vi vay trén [0, +), ham / f*(t)dr don diéu ting va bi
0

chan trén nén 3 gidi han

lim /0 ' ()t

X—>-00

Liy C > 1 dt 16n sao cho
|f'(x)] <C v6imoix>0.

Phan chiing, khi d6 ton tai € € (0,1) va mét déy s6 duong (X ) k>1 tién ra
+o0 sao cho

Xpil —Xx > € va |f ()| > 2Ve v6i moi k> 1.

Do f 12 ham kha vi nén theo Pinh 1y Lagrange véi x € (x;,x; + €/C) ton
tai & € (xx,x) sao cho

Fx) = fu) + 11 (8 (x —x) = f o) = f(8e) (v — x).
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Khi do /
FO] > [ Gl = [ () (i — %)

> | f ()| = Cx —xe)

> |fla)| —€

>2\/e—e>¢
v6i moi x € (xg,x; +€/C). Chu y rang x; + €/C < x4 theo cach chon C
va day (x). Vay

Xk+1 Xke+1

S
Y

£ (t)dt

x1+l

()

0

xl+£/C

™= ||[|~\%» HM»
\ \

vV
(‘O
||
~
™
)

~

X
Vay / £2(t)dt khéng c6 gi6i han hitu han Khi x — e,
0
(c) CAu tra 1oi la khong. That vy xét ham f dudce cho bdi

- \/ibh@”(x—Z”))

trong d6 h la ham dugc xac dinh béi h(x) =
¢(x)9(1 —x) v6i

¢(x) =

¥ néux >0,
0 néux<DO. —
(Tham khao hinh vé bén canh.) R6 rang ham
f la ham
kha vi, khong 4m, va bi chén trén [0, +<0). (Hinh vé du6i ddy mé ta ham
f trén doan [0,5].)
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Khong kho dé thiy gia tri ham f chi khac khong trén cac khoang c6 dang
(2,2 +27") véin € N. Do
11 1
o __) b
f( —|—22n 1 voin e N
nén khang dinh cda y (b) 1a khong dung. Vay, dé€ chitng t6 ham f xay
dung nhu trén 1a mét phan vi du, ta cin chi ra gi6i han
X

lim [ f2(r)dt

x—+o J0

13 ton tai va hitu han. D€ ¢ dudc diéu nay, ta chi cAn ching t6 diy sb

duong
o n—n
([ roa)

12 bi chin trén. Thét vay, ta thiy

242 3 A2k
/0 fA(t)dt = Z/ f(t)dt

k=072*

no o okyok
— h k _ k d
kgo /2 (241 — 24))dr

n

— (2k/01h(t)dt>

k=0
1

<2 [ h(t)dr.
0

Nhan xét. Néu c6 thém gia thiét vé tinh bi chin ctia f thi ta c6 thé sit dung
codng thic khai trién Taylor dén cAp hai cho ham / ’ f*(r)dt @€ danh gia f(x).
Tir d6 ta thu dugce két ludn & v (b). Chil y rang Véiom(;i h > 0 theo Cauchy thi
tich phan o F2(r)dt = o(1) khi x — oo

X

2.2 BangB
BAI 1.

(a) Tu dinh nghia

1 1 . .
Aof+1 = Apg—1 + (2/()' — (2]{—1)‘ < ay_1 VvOoimoik>1.
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(b)

Viy day con (a4 1)x don diéu giam. Tuong tu,

1 1 e
Aof42 = Aok — 2k+1)! + (26)! >ay, VvOimoik>1.

Vay day con (a)x don diéu ting. VAn tit dinh nghia ta c6

opy1 = Qg+~ > Ay vOi moi k> 1.

(2k)!
Két hop cac diéu trén ta di dén
ay < ag < <Ay <o <<y < a1 <---<az<ai.

Do a; =0 va a3 = 1/2 nén tit ca cac s6 nguyén duong n sao cho a, > 1/2
la1va3.

Ta da biét diy con (a2k) don diéu tdng va bi chin trén bdi a;. VAy (ay )k
héi tu. Ky hiéu a.. 1a gi6i han cia day con (ay)i- Ta st dung dinh nghia
dé€ chting minh a, — a... That vy, lay € > 0 bat ky, ta cin chi ra ton tai
N € N sao cho

lap —ac| <€ VvO6imoin>N.
Trude hét ta chon N, € N sao cho

1

Khi do6 ta luén co

1

a —ay| = —— < vGi moi k > Ni.
|aok+1 — ax| 201 i k> N

N M

Tiép theo Vi ay; — de Khi k — o nén tén tai N, € N sao cho
3 fe .
|azk — ae| < 5 Vo moi k > Nj.

By gio ta chon N = max{2N,2N,} va xét n > N bat ky.
* Néu n 13 mot sb chin, ching han n = 2k véi k € N, thi tit cach chon
N, ta cd ngay
€
|an — aoo| = |agg — o] < 5 <&

 Néu 13 mét sb 1&, chdng han n = 2k+ 1 véi k € N, thi tit cach chon
N; va N, ta c6 ngay

e €
[an — teo| = |21 — o] < Jazp — o] + |azes —an| < 5+ 5 =€

dok:n/2—1/22N/2:max{N1,N2}.
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Nhu vay trong moi trudng hgp ta ludn c6 |a, — aw| < € v6i moi n > N, va
do d6 day so (a,) hoi tu (dén a..).

Nhan xét. D3y (a,) 12 diy tng riéng ctia chudi dan diu

oo _1}1—1
n;( )’ _

n:

Chubi nay héi tu theo tiéu chuin Leibniz.
BAI 2.

(a) Khix#0 thi f1a ham lién tuc v6i moi cach chon a, b, va c. Vi vay, ta chi
can khao sat tinh lién tuc cta f tai x = 0. RO rang

lim f(x)=b= f(0)

va 1
li =1.
x—l>l;l)l+f(x)
Vay khi b =1, a va c ty y thi f lién tuc tai 0 va ' 1

do d6 lién tuc trén R. (Tham khao hinh vé bén véi
b=1,c=-2,vaa=—1.)

(b) DE £ kha vi trén R thi f cin phai lién tuc trén R. Theo y (a) ta phai ¢
b =1.Khi x # 0 thi f luén 1a ham kha vi v6i moi cach chon a va c. Vi véy,
ta chi can khao sat tinh kha vi ctia f tai x = 0.

Theo dinh nghia

— f(0) ax* +1—1
f_ (O) x—l>r(§l— X — 0 xﬁn(l)l— X 0
va 1
- f(0 o —1
fL(0)= lim leim HL:1+C |
=0+  x—0 x—0+ X _’1 1

VAy khic=—1,b=1,va a tuy y thi £ kha vi tai 0
va do do6 kha vi trén R. (Tham khdao hinh vé bén
véib=1,c=—1,vaa=—1.)

(¢) Tty (b) ta biét rang khi ¢ = —1, b= 1, va a tuy ¥ thi ham f kha vi trén
R. Trong truong hop nay, dao ham ctia ham f la

2ax néux§ 0,
f(x)=<0 néu x =0,

ef—1 neux>0,
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Vi vay khi x # 0 thi  luén 1a ham kha vi cip hai
v6i moi cach chon ctia a. Tai x =0 ta c6

/ o X 1
x—0+ x—0 =0+ X
Vél , , 0 ) _}1 i
lim M — lim ~ax —2a.
x—0— x—0 x—0— X

Viy khi ¢ = —1,b=1, v a=1/2 thi f kha vi cAp hai tai 0 va do d6 kha
vi cap hai trén R. (Tham khao hinh vé bénvéib=1,c=—1,vaa=1/2.)

BAI 3.

(@

(b)

Pudng thang (d) va parabol (P) khong cit nhau vi phuong trinh hoanh
d6 giao diém

3xr =2x—1
khéng c6 nghiém thue. (C6 thé thiy 3x> — (2x— 1) = 2x° + (x—1)> > 0.)

Goi (T) 1a tiép tuyén ctia (P) tai (1/3;1/3). Khi d6 (T) ¢6 phuong trinh
1

2y -
T3

Do (T) c¢6 hé sb goc 2 nén (T) song song véi (d).

Ta sé chitng minh khoang cach ngin nhét gitta (d)
va (P) chinh la khodng cach gita (d) va (T) va do
d6 bang

2V/5
15 °
Khodng cach nay dat dudc tai hai diém ¥

Eem w e

Do (T) va (d) la cac dudng thang song song nén dé chitng minh khoang
cach ngan nhat gifta (d) va (P) chinh la khodng céch giiia (d) va (T) ta
chi can chitng minh (P) va (d) nam vé hai phia khac nhau cuaa (7).

That vay, do phuong trinh

3x2 =2x— =
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chi ¢6 nghiém duy nhét x = 1/3 nén (P) va (T) chi cat nhau tai diém
(1/3;1/3). biéu nay chiing té (P) nam vé moét phia so véi (T).

Cubi cling vi diém (1/6;0) €(T) nam gifta cac diém (0;0) € (P) va (1/2;0)
€ (d) nén (P) va (d) nam vé hai phia khac nhau caa (7).

BAI 4.

(a) Phan chiing
|f(x)] > 2024|f(x)| v6imoixe (0,1).

D& thiy f 0 trén (0,1). Tit tinh lién tuc ctia f ta suy ra hodc f > 0 hoic
f<O0trén (0,1). Nhu vay

hodc f(x) >2024|f'(x)| hodc f(x) < —2024|f (x)|

v6i moi x € (0,1). Khong mét téng quat gid st f(x) > 2024[f'(x)| trén
(0,1). Khi do

F(x) 20241 (x) > 2024|f'(x)| +2024 ' (x) > 0 trén (0,1).
Tinh toan truc tiép ta thay

ot/2024
~ 2024

(/2924 £ (x))' (f(x)+2024f'(x)) >0 véimoixe(0,1).

Vi vy x — ¢/29% £(x) 1a ham don diéu ting trén [0,1] (do ham nay lién
tuc trén [0, 1]). Do d6
0 < e 1408 £(12) < o~ 1/2024 p(1) =
Pay la diéu vé ly.
(b) Xét ham g: [0,1] — R dudgc xac dinh béi

Dé thiy g >0, g(1) =0, g lién tuc trén [0, 1] va kha vi trong (0,1). Tinh
toan truc tiép ta thay

1012]g/(x)] = 2024/ ()£ ()] < |F()]> = g(x) véi moi x € (0,1).

Lép luén tudng tu nhu trong y (a) ta thu duge x — e/ 1Olzg,(x) la ham don
diéu tang trén [0, 1]. Do d6 véi x € [0, 1] bat ky (nhung co dinh) ta luon
cod

0< efx/1012g(x) < efl/IOIZg(D —0.
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VAy ta phai c6 g(x) = 0. Tt dinh nghia cta g ta thu dugc f =0 trén [0, 1].
Vay f la ham hang trén [0, 1].

(c) CAu tra 16i la khong. That vy xét ham f: [0,1] — R dudc cho béi
f(x) _ ex/2024.
Dé thiy f khong phai 1a ham hang va
2024|f'(x)| = €2 = | £(x)].

dtng véi moi x € [0,1]. (Khéng khé d€ thy trong trusng hop dang xét
f(l) — 61/2024 > O)

BAI 5.
(a) Dién tich caa D, ky hiéu bdi A, dudc tinh bdi

/2 (cosx)*
A= / (sinx)*+ (cosx)“dx‘

St dung phép déi biént == /2 —x ta dugc

/2 (sint)*
A= / 7dt.
(sint)* + (cost)*

Do doé

7/2 (cosx)*dx T/2 (sinx)*dx T
24 = / 4 +/ Y 4= 5"
(sinx)* + (cosx) 0 (sinx)*+(cosx)* 2

Viy A = /4.

(b) Gid sity = kx+a 1 phuong trinh ctia dudng thang (d) tuong ing v6i mot
cach cat thoa man yéu cau. Tl gia thiét (/4;1/2) € (d) ta thu dudc
T 1
KL ra=-.
27473
Dé ¥ rang
(cosx)* 1
(sinx)*+ (cosx)* 1+ (tanx)*
1
1 + (tanx)?

2 rs
= (cosx)? > 1—% vOix € [O,g].
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VAy v6i cach cit hién tai mién D dudc chia thanh hai phin D; va D, trong
d6 D, chita diém (0;1) va D, chita di€ém (0;0); xem hinh vé. Do dién tich
ctua Dy bang 7/8 nén ta cd

/4 cosx)*
g:/o <( ( ) —kx—a)a’x

sinx)* + (cosx)*

1 T T2 (T4 cos(2x)
P+ [ x.

_ (__a)__’_‘<_ __costex)
2 Y4 2\ — (sin(2x))2
Vay
2
T n 1 V241 V2
k=+4a> = —=In = ZIn(3+2V2).
32 4 42 V2—-1 8 ( )
Két hop cac tinh toan trén ta thu dugde
V2

T

a=-"1In(34+2V2) 1

(Gi4 tri @ vua tim dudce ~ 0,293. Tham khao hinh vé.)

newpage

I\? N
3 Trung hoc pho thong
3.1 Ngay thd nhit: S6 hoc
A. Cac két qua co ban vé day s6 Fibonacci va Lucas
BAI 1. a) Ta chting minh bang quy nap theo n. V6i n =0 hoic 1 ta dé dang

kiém tra dudc cong thiic trén. V6i n > 1, gia st cong thitc trén ding véi moi
chi s6 ¢ < n, khi d6 theo cong thtic truy hoi ctia day Fibonacci, ta ¢

Fn+1:Fn+Fn—1
1 1+V5, 0-V5, 1 14+V50 15
B L e e (e A A
1 1+V5, A4+V5010 1-V5, 1—V5.
= F () )T ) - (T
11445 1-v5

_ \/§<( . )n—i-l_( 5 )n—H)

Tit d6 suy ra diéu phai chting minh.
b) Hoan toan tuong tu y a).
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BAI 2. Ta c6 thé st dung cong thiic é bai 1 dé kiém tra truc tiép. 1 sb nguyén
to. Chiing minh rang n = 4 hoac n la mot so nguyén to.

BAI 3. a) Cong thiic hdi quy ctia diy Fibonacci suy ra:

Fp=F, 1+F, 2=FF, 1+FF,
=F(Fyo2+Fy3)+FFy 2
= (P +F)Fh2+FF, 3
=FKF, »+FF, 3
= =FFy g1 +F 1By

b) Tit a) ta suy ra (F,Fp) = (Fy—1Fp_n,Fp) = (Fp_n,F,). Chl1 ¥ rang ta da st
dung khang dinh sau (12 hé qua truc tiép ctia Bai 2): (F,_,F,) = 1 v6i moi n.
Bang viéc thay thé bd (m,n) béi (m—n,n) va lip lai Iy lun nhu trén ta sé suy
ra diéu phai chitng minh.

¢) Néu n # 4 va n khong 14 s6 nguyén t6, thi n = pg v6i 2 < p < g va q > 3.
Theo y ii), ta c6 (Fy, Fy) = F(, gy = Fy- ViF; > 2,F, > F, tasuy ra F;, la hgp s6.

BAI 4. a) Theo két qua ctia bai 1, ta cé

1+2\/§)n+(1—ﬁ)n>2_((1+ﬁ)n_<1—\/§)n>2

2 2 2
1++/5

=4.(—; )".(1 _2‘/5)” =4.(—1)"

b) Tuong tu ¥ a) ta c6 thé st dung cong thiic téng quat cla F, va L, dé kiém
tra truc tiép.

c) Theo ¥ a) ta ¢6 4 ludn chia hét cho (F,,L,). Mat khac dé thdy véin > 0 va
n khéng chia hét cho 3 thi F, 14 18. Do d6 (F,,L,) = 1.

125k = ((

. , 3 . ,
BA15.a) Taco S; = ,SQZZ.V01n23,ta co:

| =

_.l_

| —

_|_
N

|

i

N

~
W

Fi

+ o+
1= TP
=L
Lo+
ke
S
|
S

D=
v
|
_I_
Al
N aok
t2
¥

3
|
T
SITE
|

_|_
m
[\)
82|
_l’_
ENg-
T
12

+
= =

e
+

| =

—Sp—2.

= AW AW RW N~



3. TRUNG HOC PHO THONG 65

b) Bang quy nap theo n, tit cong thitc hdi quy 8 ¥ a), ta cé thé dé dang ching
minh dudc S, < 2.

B. Mot so tinh chat khac ctia day so6 Fibonacci va Lucas

BAI 6. CAu tra 10i 1a khong. Gia st ta ¢ thé phan tich N* thanh hop clia m
F—ddy. Khi d6 xét 2m+ 1 sb lién tiép 2m,2m+1,--- ,4m, thi sé ton tai 3 sb
trong d6 thudc cing modt F—day. Tuy nhién ta thiy rang téng cta 2 s6 bat ky
trong 3 s6 d6 ludn 16n hon sb con lai. Diéu nay 13 vé ly.

X % \ s |
BA1 7. Neum > k+2, thi F), > Fiyo = Fey1 + F > 2F;. Kh1dox1<§ T dinh

nghla cua {x,} ta co thé chitng minh bang quy nap x, <0 v6i moi n > 2, dac
biét s6 1 khéng xuét hién trong day. Nhu vay m phai bang k+ 1.
Mt khac, v6i bat ky k € N*, néu m = k+ 1, thi trit trudng hop k = 1 ta sé ¢6

26— b Fo
Fepr—Fe F

Xy =

F |
Tu d6 suy ra néuk=2n+1 thi x,, 1 = 2 = 1. Va néu k = 2n, thlxnzi,va
2

cac §6 tiﬂép theo s€ lu6n nhé hon hodc bang 0. Ta két ludn ring trudng hop k
1a s0 chan chan thi day {x,} sé khong chta 1.
Vay bo so nguyén duong (k,m) ta can tim la (2n— 1,2n),n € N*.

BAI 8. V6im =1, ménh dé hiéu nhién ding. Ta xét m > 2.

PAu tién ta chi ra rang day phan du modulo m : {F (mod m)} 14 tuin hoan
That Vay, chti ¥ rang cac cip s6 Fibonacci lién tiép (Fuy Fnt1) chi c6 m kha
nang xay ra khi xét modulo m. Theo nguyén ly Dirichlet, ton tai hai sbn<k
sao cho (Fy,Fu1) = (Fi,Frr1) (mod m). Theo cong thitc héi quy ctia day
Fibonacci, ta suy ra diy Fibonacci mod m 13 tun hoan.

Tt Fy = F, =1 (mod m), suy ra ton tai p € N*, théa man F,; | = F,» =1 (mod
m), vi vay F, =0 (mod m), F,_; = 1(mod m), F,_» = —1(mod m). T(“;ng quat
hon, v6i moi ¢t € N* thi ;,_», = —1 (mod m). Léy n=tp—2,thi

F}Y—F,—2=1+1-2=0(mod m).

Ménh dé duoce chitng minh.

BA1 9. Ta goi f (n) la s6 tién nhé nhét (don vi 14 10.000 vnd) cin pha1 tra
d€ biét dudc sb ban Thinh chon trong tap {1 2,--+,n}. Khi do dé thay f(n)
la ham khong g1arn theo n. Hon thé nita, néu tdp M d4u tién ma ban Vuong
chon la mot tap co m phan ta thi

f(n) <max{f(m)+2,f(n—m)+1}.
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Ta sé chitng minh rang f(n) = k, & d6 k 1a chi s6 duy nhét théa man F, < n <

Fiyi.
PAu tién ta chi ra bang quy nap theo n ring, véi bat ky n € N* thi

f(FnH) <n

Thit vay, v6i n = 2 thi hién nhién, gid st ménh dé trén ding véi moi sb
nguyén duong nhé hon n. Ta xét truéng hop ma ban Vuogng chon lan dau
tién mot tip con ¢6 F,_; phan tt. Khi d6 ta ¢

f(Frr) <max{f(F,—1)+2,f(F,)+1} <n.

Tiép theo ta chi ra rang: v6i bAt ky n € N*,F, < x < F,.; thita cé f(x) > n
V6i n = 1,2 ménh dé trén dng hién nhién. Gia st ménh dé dtng véi moi sb
nguyen du’dng nho hon n. Ta xét tru0ng hop v6in >3, va bat ky F,<x<F,.
Néu sb phan tt ban Vuong chon dau tién 13 < F,_, thi sb tién nho nhat ban
Vugng can phaitrala > f(x—F, 2)+1> f( n-1t+1)+1>n Néu s6 phan ta
ban Vuong chon dau tién > F,_» + 1 thi s6 tién nho nhét ban Vuong can tra
1> f(Fa+1)+2> (n-2)+2=n.Viviy f(x) >

Ap dung vao tru’Ong hop Fi1 =89 <100 < Fip = 144 ta két luan rang ban
Vuong cin chuén bi it nhét 13 110.000vnd. Ta ciing dé dang chi ra mét cach
cho ban Vugng véi 110.000vnd.

BAr 10. Trudce hét bang quy nap hoic st dung cong thic tdng quat cta L, ta
c6 thé de dang chiing minh dudc dang thic sau:

L;%+1 —Lnt1Ln _LI% = 5‘(_1>n+17

le moin € N.
Néu a # 2 1a mot phan tt trong day sb Lucas, dit a = L,, v6i n > 1. Khi dé tir
dang thitc trén, néu dit b = L,_; thude N*, ta co:

a® —ab—b* = +5.
Ngudgc lai, gia stt a,b € N* thdéa man
a* —ab—b* = +5.
Ta chia thanh hai truéng hgp nhu sau:
TH 1: a® —ab—b* = 5. Khi d6 ton tai n € N* sa0 cho a = Ly, b = L, 1. That
vay, ta sé chitng minh bang quy nap theo b. Néeub=1thia=3 =1L, do

d6 ménh dé trén diing véi b = 1. Néu b = 2 thi phuong trinh ®> —2a =9
khong c6 nghiém nguyén duong. Néu b > 2, gia st ménh dé dung véi
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tAt ca cac cip sb nguyén duong (bo,ao) v6i by < b. Ta dit by = 2b—a, va
ap=a—b.Dé thaya > b+ 1, va tu

a®> =ab+b*+5 < ab+b(b+2) < 2ab,
ta suy ra a < 2b. Vi thé,
0<by<b, va0<ay.
Hon thé nita,
aj — agbo — b = (a—b)* — (a—b)(2b —a) — (2b —a)* = a* —ab— b* = 5.

Tu gia thiét quy nap, ta c6 by = Ly; 1 va ag = Ly; v6i ) nguyén duong i
nao do. Khi do

b=by+ay=Loi1+ Ly =Loir1 Vaa=ayg+b = Ly>.
Ménh dé dugc chiing minh.

TH 2: a® —ab — b* = —5. Khi d6 ton tai n € N* sao cho a = Ly, _1,b = Ly, ».
Thét vay, ta co

(b+a)* — (b+a)a—a* = b*+2ab—ab—a* = —(—5) =5.

Theo két qua clia trudng hop 1, ton tai sb nguyén duong i sao cho
a=Ly;_1 va a+b = Ly;. Tit d6 suy ra diéu phai chiing minh.

3.2 Ngay thi hai: T6 hop

A. Uéc luong sb cip diém c6 khoang cach 1 trén miit phing.

BAI 1. Theo quy tic nhén, ta c6 | 2| = 11% = 121.
Pé tinh f(2), ta nbi cac doan thang gifta cac cip diém c6 khoang cach 1,
khi d6 ta dugc bang vudng 10 x 10. Tinh cac doan thang  cac hang, cac cot,
ta dudc

F(P) =10 x 11 x 2 = 220.

BAI 2. V6i m6 hinh hinh thoi canh 1 gdm 2 tam gidc déu chung canh ghép
lai, ta suy ra f(4) > 5. Mit khac, hién nhién f(4) < 6. Ta chitng minh f(4) =5
hay mé hinh f(4) = 6 khéng thé xay ra. Phan chting, gia st ton tai 4 diém
A,B,C,D c6 khoang cach dé6i mét bang 1. Khi d6 ABC,ABD 1 2 tam giac déu,
ma A khac D, do d6 ABDC 1a 4 dinh ctia mot hinh thoi canh 1 ¢6 ZBAD = 60°.
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Tit day tinh dude AD = v/3, mau thuln.

Vay f(4) =5.

BAI 3. Chon ng = 10'°. V6i mbi s6 nguyén duong n > no, goi K 13 s6 nguyén

K(K+1 fe , ;
KK+1) < n. Néi cach khéc, ta c6

duong 16n nhéit théa man
K(K+1)<2n< (K+1)(K+2).

Xét m6 hinh thap tam gidc nhu hinh duéi véi day gom K diém. O day mbi

VAN
VAN
INONININ/N/N
NN/

canh clia tam giac nhd c6 d6 dai bang 1, va c6 tit cd K(K + 1), ta chon thém
cac diém tuy y dé c6 di n diém. S6 canh (hay so cap diém c6 khoang cach 1)
trong thap tam giac trén la

3(K— 1K
5 :
V6i n > 10" suy ra K > 10*, d& dang chitng minh dudc khi d6
3K—1DK  2(K+1)(K+2)
>
2 2
T day suy ra f(n) > 2n v6i moi n > ny.

> 2n.

BAI 4. Ta x4y dung quy nap mé hinh gém 2% diém sao cho mbi diém trong
hé c6 it nhit K diém khéc cach diém nay khoang cach 1.

V6i K = 2, dé thiy c6 mé hinh tam gidc déu canh 1 théa man yéu ciu.

Gia st tOn tai Hy 14 thp 2X diém sao cho mdi diém trong hé cé it nhat K diém
khéc cach diém nay khoang cach 1. Chon véc té o/ d6 16n 1 va khong cling
phuong véi bat ki cip diém nao trong Hg, tinh tién Hy theo ¥ ta thu dugc
Hj. Khi d6 tAp Hy,i = Hx UH} gébm 25*! diém sao cho méi diém trong hé
c6 it nhat K + 1 diém khac cach diém nay khoang cach 1.

Theo nguyén li quy nap, khéng dinh ban diu dudc chitng minh.

Chon n = 2K, chon tip diém Hg nhu trén, khi d6 ta c6

f(Hg) > ——.
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Suy ra
f(n) > cnlogn.

Khing dinh nay truc tiép suy ra ménh dé cin ching minh & dé bai.
BAI 5.

a) C6n cach chon A, n—1 cach chon B va v6i mbi bd 2 diém A va B, c6 tdi
da 2 diém C théa man CA = CB = 1. Do d6 |T| < 2n(n—1).

b) V6i mbi C, ¢6 d(C) cach chon A va d(C) — 1 cach chon B, do d6 theo quy
tac cong ta co

T|= ), d(C)(d(C)-1)= ) dX)(dX)-1).

ceZ, XeZ,

) Ap dung b6 dé bt tay, tacd Y d(X)=2f(P,) <2f(n).
Xe,

BAI 6. Tur bai 5, ta co

2n(n—1)> Y dXx)dx)-1)= Y &X)- Y dX).

XePy XePy, XePy,
Ap dung bét ddng thitc Cauchy-Schwarz, ta thu dugc

(¥ dXx))

XeZ,
n

2n(n—1) > — Z d(X) = (2f(€n@n>)2

Xe2,

_zf(9n>

Stt dung tinh chét hién nhién 2f(2,) < n” ta suy ra

3 > (2f(P,))?

Do doé
f(Z,) < end/?

va luu v ring bt dang thitc nay ding véi moi 2, nén ta thu dugdc
f(n) <en®?.

B. Udc luong sb cap diém c6 khoang cach 1 trong cac tip dic biét.

BAI 7. Tit m6 hinh cta bai 3, (thoa mén tinh chét rong rai clia tap diém), dé
suy ra két qua bai toan, ta chi can ching minh f™(n) < 3n la xong.
Khing dinh trén dudc suy truc tiép tit nhin xét

d(X) <6
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v6i moi X € &,.

Thét vy, gia st ton tai difm X € 2, sao cho ¢6 7 difm A ;A,;...;A7 € P, cb
khodng cach t6i X bang 1. Khi d6 ¢ 7 goéc xung quanh X c6 téng bang 360°,
nén ton tai 1 goc, gid st 13 LA, XA, < 60°, khi d6 A;A, < 1, miu thuln véi
gia thiét rong rii cta tip diém. T day ta c6 diéu phai chiing minh.

BAI 8. Xét P, 13 mét tAp chit chdi n diém trén mit phing c6 sb cip diém
khodng cach 1 13 16n nhit. Ta xay dung db thi G, véi cac dinh thude P, va 2
dinh dudc goi 13 ké nhau néu 2 diém tuong ing c6 khoang cach 1.

Ta di chitng minh |E(G,)| < n bang quy nap.

Khang dinh hién nhién dung v6i n = 3. V6i n > 3, gia st ménh dé di dugc
chiing minh v6i tit ca cac so nguyen duong nhé hon n.

Néu G, ¢ 1 dlnh v bac tbi da 1, xoa dinh v va canh ké vé6i né (néu co), két
hgp v6i gla thiét quy nap, ta co dleu phai chitng minh.

Do d6, ta c6 thé gid sit tat ca cac dinh trong G, déu ¢6 béac 16n hon hoic bang
2.

Néu tit ca cac dinh déu béc 2, hién nhién |E(G,)| = n, ta c6 diéu phai chiing
minh.

Ta sé chitng minh trudng hop c¢6 1 dinh bac > 3 khong xay ra. That vay, xét
trudng hop ton tai dinh p ké véi 3 dinh ¢, r,s. Khong mét tinh tdng quat, gia
st Lgpr < Zgps < g (Chan trén g dugc suy tit tinh chit chét chdi cla tip

diém). Xem anh duéi.

Goi ¢ 1a diém khéc p ké vé6i r. Khi d6 mot trong 2 doan thang ps hodc pg
khong cat v6i rt. Gia st ps khong cat rr. Ket hop véi dieu kien pr < 1, khi d6
t phai thudéc cung nhd pA (anh duéi). Khi nay dé dang suy ra st > sq = 1, vO
1i.
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Viy trong tat ca cac truong hop, ta déu c6 |E(G,)| < n. Diu bang trong trudng
hop nay kha don gian, c6 thé tham khao mé hinh dudi day:

C. UGc luong sb cap di€m c6 khoang cach 1 trong khong gian.

BAI 9. D€ chitng minh bat dang thitc diu tién, ta xiy dung mé hinh nhu sau:
Xét luéi nguyén trong khong gian

0= {(i,j. k)1 < iyjsk < |n'3]}

6 tbi da n diém. Khi d6 véi 2 diém M = (i, j,k);:M' = (i, j,K') € Q, ta cb
khoang cach
MM? = |i— > +|j— P+ k=K

nhén t6i da 3n*/? gi4 tri. Nhu v4y, theo nguyén li Dirichlet, ton tai m6t khodng

cach dudgc xuat hién véi so 1an toi thiéu la

C2
19| 4/3
3’1—2/3 Z cn .
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Vi tu mé hinh trén véi ti 1é thich hop, ta thu dudc diéu phai chting minh cla
bai toan.

V6i bat ding thitc thit 2, ta tiép tuc sit dung db thi héa tuong tu bai 6 va c6
nhan xét sau:

3 difém A, B,C bat ki trong hé n diém c6 tbi da 2 diém cach déu A, B, C khoang
cach 1 (giao diém ctia 3 mat cAu ban kinh 1).

Noi cach khac, db thi G, tu0ng {ing v6i m6 hinh n diém khéng chita db thi
con K3 3. Nhu vay két qua cin chting minh ctia bai toan 13 hé qua truc tiép

ctia b6 dé sau:

B6 dé: Cho db thi G ¢6 n dinh, m canh, khong chtta dd thi con K3 3 thi

m§cn5/3.

Cht’l’ng minh bd dé: Ta st dung phu’Ong phap dém bing 2 cach. Goi T la s&
cac bo ({u,v z} w) sao cho w ké véi cd ba dinh u,v,z. Khi d6, néu tinh theo bd
ba {u,v,z} va st dung gia thiét G khéng chta K3 3 ta dudc

n(n— 1)(n—2)'

T <2C3 = :

Tiép theo, dém theo w, ta dugc

r= Z Cfi(w): Z

weVs weVg

d(w)(d(w) = 1)(d(w) —2)
6

Xét ham sb g : [0, +o0] — R dudc x4y dung nhu sau

o(x) = U= 12“‘ 2 i x>2

g(x)=0 voi 0<x<2.

St dung dao ham cap 2, dé dang kiém tra dudc g(x) 13 ham 16i. St dung bt
dang thic Jensen cho ham 16i ta c6

Z;'/ d(w) 2m
T= Y gdw) = ng("=—) =ng(").

weVg
\ 2 o R JUN ’ A 2. 7 .
Truong hop 1: “™ _ 5. Hién nhién ta c6 diéu phai chttng minh.
n
\ 2 s ,
Truong hop 2: o > 2. Khi nay ta co
n

=02 GG )

3 - 6
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Bién d6i tuong duong
n3(n—1)(n—2) > 2m(2m—n)(m—n).

Tir ddy so sanh bic 2 vé, dé dang suy ra diéu phai ching minh.

BAI 10. V6i mdi %, ta xét d thi G véi tap dinh V = %, va 2 dinh A;;A; dudc
goi 14 ké nhau néu 2023 < A;A j <2024. Khi nay T(%,) chinh la sb canh cta
db thi G. Ta sé chitng minh véi n dd 16n,

v6i moi %,.
Thét vay, v6i mbi diém A;, tit ca cac diém A j ké v6i A; déu nim trong hinh
tron ban kinh 2024. Léy cac diém A jlam tam, vé hinh tron ban kinh 1/2, khi
d6 ta thu dudc d(A;) hinh tron khong c6 diém chung trong nam hoan toan
bén trong hinh tron 16n ban kinh 2024 + 1/2. So sanh dién tich ta thu dudc
d(A;) < 4049% v6i moi A;.
Suy ra

2T (%) Zn:d(A ) < n.4049% < VZJ

g ' 4

v6i moi %, ma n > 10°. Tit d4y ta suy ra dudc diéu phai chiing minh.



CAC BAI DE XUAT: DAI SO

1 MA TRAN

Bai 1.1 (PH Co6ng nghé Théng tin). Xét hé phuong trinh tuyén tinh (A + B+
)X =0hay (B+1)X = —AX. Khi dé

—A’X =AB+1)X = (AB+A)X = (BA+A)X = (B+1)AX = —(B+1)’X

Tiép tuc qua trinh nhu trén, ta c6 (B+ )X = (—1)¥A*X. Vi A?%* = | nén
(B+1)**X = X hay ((B+1)*°** —1)X = 0. Mit khac (B® —1)X =0 (vi
BB ).

Xét cac da thitc p(r) = (14 1)%2* — 1 va ¢(r) = *"*®> — 1. Nghiém clia da thtic

, T . T ‘A >
p(t) cé dang —1 +cos22024 +zs11122024 v6i k=0,1,...,2023. Nghiém cua da
thic ¢(r) c6 dang cos 5023 +isin 28123 v6im=0,1,...,2022. Ta thdy rang p(r)

va q(t) khong c6 nghiém chung Nhu vay p(t) va ¢(¢) 1a 2 da thitc nguyén t6
cting nhau. Khi dé ton tai cac da thitc r(z), s(¢) sao cho

r(t)p(t) +s(t)q(t) =

Khi d6 X = (r(B)p(B) +s(B)q(B))X = r(B)(p(B)X) +5(B)(¢(B)X) = 0. Nhu vdy
hé phuong trinh tuyén tinh thuin nhat (A+B+1)X =0 chi c6 nghiém tam
thuong. Do d6 A + B+ 1 kha nghich.

Bai 1.2 (PH Céng nghé Théng tin). Ta cAn tim cic ma trin S, 7 sao cho
M=S"'NS,P=T710T
Ta chon cac ma tran

. 1
S=— vaT =—| .
V2 |In —I,J V2 [—lln —1I,

Bai 1.3 (DH Cong nghé Thong tin). Ta thiy a = b = 0 khong théa man bai
toan.
Gia stt a®> +b* # 0, nghia 13 a,b khong dong thoi bang 0. Khi d6

a —b| 2 5 |cost  —sint
{b a}_ a+b Lint cost}
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4 .
Vé |:a _ab:| _ (az +b2)2 |:COS4Z - Sln4t:| X Suy ra az —|—b2 = \/5 Vél d.’?ln dén

b sin4t  cos4t
cost = ! cosdt = V3
=75 =
Ta c¢6 phuong trinh
3
2(\@12—1)2—1:\/7_
¢6 nghiém a,b thdéa man
2_2V2+4(14V3) 5 2V2-(14V3)
4 : 4
hoac
a2:2\/§—(1+\/§)_b2:2\/§+(1+x/§)_
4 ’ 4
Bai 1.4 (DH Giao thong VAn tai). Dat A =3I+ M v6i ma trdn M la M =
0O 0 1 —1
0 -1 0 —1| ... 4 5 ,
0 1 0 1 . Tinh toan truc tiép ta thu dudc M- = 0. Do do
0O 1 0 1

AZ02% — (3] 4 p)20%% = 320247 4 32023000401 = 32023(3] +2024M)

30 2024 —2024
_ o3 [0 2021 0 —2024
0 2024 3 2024
0 2024 0 2027

Bai 1.5 (DH Dong Thép). Ta ¢6

1111
01 11
Al =
0011
0001
4 -5 2
Bai 1.6 (DH TAn Trdo). Ta c6 A =241 +5B,B= |5 —7 3| — A" = (241 +
6 -9 4

5B)".
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3 -3 1
B3=B>= |3 —3 1| D& thiy, B" = B> v6i moi n > 2 (Chitng minh béng quy
3 =31

nap theo k € Nk > 2).
Khi do ta co:

n n n
A" = 241)" % (5B)k = 24"1 +-n24"~'5B 4 B* ( >24nk5k
¥ (1) anrtism) 5 (;

= 24"] +5n24" 1B 1+ B?

L (n
Y ( k) 24" *5k 24" — 5p24"

k=0
= 24" +5n24" 1B+ (29" — 24" — 5n24" 1B,

T6ng cc phan tit trén dudng chéo chinh ctia B, B> déu cb gia tri 14 1. Do dé
S =29"4+2x24".

2 PINH THUC

Bai 2.1 (DH M4-Dia chét). Gia st B = (bij), trong dob b;; bang 1 néu j 1a
nhan ti ctia i va bang 0 trong cac trudng hop con lai. Diéul dé6 c6 nghia la
ma tran nay la ma tran tam giac v6i duong chéo chita cac so 1. Khi d6, ma
tran A = (a;;) sé bang A = BB, trong d6 B” 1a ma trin chuyén. Tit d6 suy ra
detA = (detB)(detB”) = (detB)* = 1.

Bai 2.2 (DH Dong Thap). Khai trién dinh thtic theo dong cubi d€ dugc A, =
al,_1+A,_». Tit d6 suy ra diéu phai chiing minh.

x 1 00 0
n—1 x 2 -0 0
Bai 2.3 (DH Tan Trao). Dit D, (x) = 9 ”fz o (_) (_) . Ta ¢6
0 0 0 - x n-1
0O 0 0 -1 x
111 11
n—1 x 2 0 0
Dy(x) =(x+n—1) 0 n=2 x 0 0 =(x+n—1)A.

0 0 0O --- x n—1
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« A 7 <A A A A \ \ A J4
Thuc hién cac bién do6i so cap trén dong va cbt ctia D, ta co

x—1 1 o --- 0 0
n—2 x—1 2 0 0
e T
0 0 0 oo x—=1 n-=-2
0 0 o - 1 x—lni1

Suy ra,
Dy=(x+n—1)D,_1(x—1)= (x+n—1)(x+n—3)D,_2(x—2).
Do d6, khi n = 2k, thi
Dy = (¥* —1)(x* =9)--- [x* — (2k— 1)?].

VAy, v6i n = x = 2024 ta nhan dudc D = (20242 — 1)(2024% — 32)...(2024% —
2023%).

Bai 2.4 (DH Vinh). Tt dinh nghia dinh thtic ta suy ra ma trdn vuong c6 té,t
ca cdc phan tt déu la so nguyén thi dinh thiic cia ma tran do ciing la so
nguyén. Theo tinh chat dong du, ta c6 detA = detB (mod 2), trong do

0o 1 ... 1
B I 0 ... 1
1 1 .. 0

20242024
Ta kiém tra dudc rang

2023 2022 ... 2022
B 2022 2023 ... 2022

2022 2022 .. 2023 ), o0
Ta c,(') det(B?) = det(hg4) = 1 (mod 2), trong dé Iry4 ky hiéu 1a ma ,trén don
vi cap 2024. Hon nita, det(B?) = (detB)? nén ta suy ra det B 1a mot s6 nguyén
1é. Diéu nay kéo theo detA cling la mét s6 nguyén 1é. Do do, detA # 0, nghia
la A 1a ma trdn kha nghich.

Bai 2.5 (DH Hai Phong). Ta c6 detA = —4x* — 16x— 12. Khi @6

rankA =4 < detA #0 < x# —3,—1.
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e VGix=—-3taco

1 -2 -1 O 1 -2 -1 O
0 1 0 -1 0 1 0 -1
A= 1 0 1 —» ~ 0 0 0 _4 = rankA = 3.
0O -1 O 1 0O O 0 0
e VGix=—1taco

1 010 1 0 10
21 01 0O -1 2 1

A= 1o10l~lo o 40 = rankA = 3.
01 2 1 0O 0 00O

Vay

rankA — 4, kh%x#—?»,—l
3, khix=-3—1.

Bai 2.6 (DH Tra Vinh). (a) Tac6A ' =A =A% =1 Tt d6
(I—A)?=A2—2A+1=2(I—-A),

din dén |det( —A)|? = |det(2(I — A))| = 2"|det(I — A)|. Tl day co diéu
phai chiing minh.

(b) Tacéd A% —A =A(A%* —1) nén
|det(A%FF1 — A)| = |det(A)|| det(A%* —1)).

Vi A~! =4A nén I = 4A2, din dén

Ak 1= (1_4k>1
=~ _

Do do

Mit khéc, vi A2 = 41 nén

1
det(A)| = —.
det(4)] = 5

Tit dy ta c6 diéu phai chitng minh.
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Bai 2.7 (DH Tra Vinh). Dat ajaraz = 13m, b1byb3 = 13n, c¢1cpc3 = 13p. Ta ¢o
a, ax aj a; ay 100a;+ 10a; + aj
by by bz|=1|by by 100b;+ 10by + bj
c] ¢ C3 c1 ¢y 100c;+10cy +c3

ap apy 13m

= bl b2 13n

cy ¢ 13p

ay a m
=13 bl b2 n
L ¢ p

chia hét cho 13.

3 HE PHUONG TRINH

Bai 3.1 (Dai hoc Bong Thap). Goi yo,y1,y2,3,v4 14n luct 14 sb cdy ban dAu,
sau thang thit nhat, thi hai, th{ ba va tht tu. Ta c6 hé

-11 10 O 0 Yo -1000
0O -11 10 O yi | | -2000
0 0 -11 10 v | -900
10 O 0 -11 3 100

Giai hé ta dugc yg = y; = 1000, y, = y3 = 900. Cudi cling y4 = 950.

Bai 3.2 (Pai hoc Giao théng VAn tai). Ky hiéu x;,x,,x3 tuong ting 1a sb san
phdm A, B,C ma ngudi thit nhat da mua. S6 san pham A, B,C ma ngudi thi

~ ’ \ 3 3 A A 2 ~ \ \, .
hai da mua tuong ting la 5% 772, 2x3. Tieép theo so san pham A, B, C ma ngudi

7 ~ 7 \ 1 9 \ A 1en A ~ 2 ~ \
thtt ba da mua tuong tng la 351 272, 3x3. Tt sO liéu vé tong san pham ma

ngudi tha nhit, thi hai va tha ba dd mua ta c6 hé phuong trinh
X1 +Xx2 +Xx3 = 40

3 3
—Xx1+-x2+2x3 = 55
EXI + sz +3x3 = 61
Giai hé trén theo phuong phap khit Gauss ta thu dudce x; = 20,x, = 12,x3 = 8.

Ky hiéu y;,y>,y3 la tuong tng l1a gla ban ctia cac mit hang A,B,C. So sanh su
khac nhau vé s6 luong tling loai sdn phdm dudc mua ctia 4 ngudi ta 1ap dudc
hé phuong trinh:
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10y; — 3y> + 8y3 = 420.000
—10y; + 15y, + 16y; = 1.500.000
—15y1 421y, —6y; = 660.000

Giai hé trén theo phuong phap khu Gauss ta thu dudc y, =20.000,y, =
60.000,y3 = 50.000. Do d9 ta tinh dugdc so tién ngudi thit nhat phai tra khi
mua hang la 1.520.000 dong.

4 KHONG GIAN VECTO
Bai 4.1 (Dai hoc Giao théng Van tai).

(@ DoOM#NVANC (M+N) nén M+ (M+N). Két hop M C (M +N)
va M # (M +N) ta suy ra dim(M + N) > dimM = 2023. Mat khac (M +
N) C R?9%* nén dim(M + N) < 2024. Két hop cac phan tich nay ta suy ra
dim(M + N) = 2024. St dung dang thtic

dimM + dimN = dim(M + N) + d&im(M N N)
ta suy ra dim(M NN) = 2022.

(b) Ta cin chi ra (MNN) ¢ P. Thuc vay, néu (M ﬂN) C P thi két hop véi
(MNN) C N ta suy ra (MﬂN) (NﬂP) Theo cau a, (M NN) la mot
khong gian con 2022 chiéu ctia R?** va chu’ng minh tuong tu ta cing
¢6 (NN P) 1a mot khong gian con 2022 chiéu ctia R?°%*. Nhu véy tit bao
ham thitc (MNN) C (NNP) tasuy ra (MNN) = (NN P) nhung diéu nay
lai trai v6i gia thiét. Nhu vay, ta phai 6 (M NN) ¢ P nhu da nhic dén
4 trén.

St dung (MNN) ¢ P va phéan tich tuong tu nhu ciu a, ta suy ra dugc
dim((M NN)+ P) = 2024. Nhu véy tit dang thitc

dim(MNN)+dimP = dim((M NN) + P) +dim(M NN NP)
ta thu dugc dim(M NN NP) = 2021.

Bai 4.2 (DH M4-Dia chét). Dit cac véc to ¢ gbe tai tAm O. Néu cac diém
cudi cta cic véc to khéng tao thanh mét tam gidc nhon thi tit ca cic mut
(d1ém cuél clia véc td) nay déu nim trén nira dLIOng tron tam O ban kinh
bang 1. LAy dbi xitng mét véc to (gla su lay véc td & gitta). Khi d6 cac diém
cubi ctia hai véc t6 cii va diém cubi clia véc to dbi xiing anh tao thanh mot
tam giac nhon. Gia st cac véc t6 méi la (x,y,z). Trong do6 c6 hai véc to ci ti
bd (u,w,z) — cac véc to nay lay diu duong, va mét véc to lay dbi ximg — véc
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t6 nay liy ddu 4m. Gid st h = x+ y+z. Ta di tim céc tich v6 hudng cla cac
cap véc to sau:

<h—x,y—z>=<y+z,y—z>=|y*—|z]*=0,
<h—yx—z>=<x+z,x—z>=x]>—|z*> =0,
<h—zy—x>=<y+xy—x>=y*—|x*=0.

Diéu d6 c6 nghia h chinh 13 véc t6 c¢6 gbe & gbe toa d6 va dinh chinh 13 giao
diém ctia ba dudng cao cua tam giac, Tic 1a A nam trong dudng tron don vi
v6i ban kinh bang 1. Day chinh la diéu phai chitng minh.

Bai 4.3 (DH Hai Phong).

(@

(b)

V6i A =0, ta co
¢(p(x)) =x(x+1)p'(x) = 2xp(x).
Xét da thitc p(x) = ax* + bx +c € Ker(¢), ta c6 ¢(p(x)) = 0 hay

x(x41)(2ax + b) — 2x(ax* + bx+¢) =0 & (2a—b)x* + (b — 2¢)x = 0.

2a—b=0 b=2a
=
b—2c=0 c=a
Vay p(x) = a(x* +2x+1). Ta ¢6 {x* +2x+ 1} 1a mot co s6 clia Ker va
dimKer¢ = 1.

Suy ra

Xét da thtic g(x) = ¢(p(x)) € Ker g, ta co
q(x) = 2ax> + b(—x* +x) — 2cx.

Vay {x%, —x? +x,x} 12 mot hé sinh ctia Im . D& thiy {x?,x} 1a mét co s6
cta Im¢@, do d6 dimIm¢ = 2.

Xét da thitc p(x) = ax* + bx +c € Ker(¢), suy ra ¢(p(x)) = 0 hay
g(x) =21 = A)a—b]x> +[-24a+ (1 —A)b—2c]x—Ab =0
v6i moi x € R. Suy ra

2(1—A)a—b=0
(1-A)b—24a—2c=0
Ab=0.
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Vi ¢ 13 tu ddng cu cta khong gian vécto hitu han chiéu nén né ding
cAu khi va chi khi né 1a don ciu, nghia 1a Ker @ = 0. Biéu d6 ¢ nghia
13 hé phuong trinh trén chi ¢6 nghiém tidm thudng a = b = ¢ = 0, hay
dinh thitc ctia ma tran hé sb khac 0:

200—A) -1 0
22 1-L —2|#0& —4A2+4L A0 A £0,1.
0 A0

Bai 4.4 (DH Tra Vinh).
(a) Ky hiéu W la tap dang xét. Ro rang 0 € W nén W £ 0. VGi f,g € W ta co

(f+8) +4(f+g) = (f'+4f)+ (g +4g) =0
(ouf) +4(af) = a(f +4f) =0.

Do d6 f+g,of € W. VAy W 1a mét khong gian vécto con ciia W.
(b) Nghiém t6ng quat clia phuong trinh vi phan f/ +4f =013
fx)=ce ™, ceR.

Do d6 {¢~*} 12 mdt co s6 clia W va dimW = 1.

5 GIA TRI RIENG

Bai 5.1 (DH Tan Trao). Dé théy, X cocacgiatririeng Ay =1vad, =43 =2.
V6i A =1, c6 1 vécto riéng la oy = (1;—5;11). V6i A, = A3 =2, c6 mot véc to
riéng, ap = (0;0;1). Do d6, X khong chéo hoa dudgc.

Van dung tinh chéo hda ciia mét ma trén, ta chon Y va D c¢6 dang

[1 0 0 1 0 x
D=0 2 0|, Y=|-5 0y
0 0 ¢ 11z
1 0 X 1 0 xc
Theo giéthiét, tacoXY=|-5 0 S5x+2y |,YD=|-5 0 yc
11 1 4x+3y+27 11 1 zc
Suy ra i
c=1
x++=xc i 100 1 0 1
5x+2y+=y¢ —<  _ —=D=1]02 0|, Y=|-50 -5
- 0 01 11 1 11

4x+3y+2z=7zc
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1 0 1
ThitlaiXyY = |-5 0 —5| =YD.
11 2 11

Bai 5.2 (PH Vinh). a) Ta c6

5-4 6 -9
detA=| 1 4-2 =3 |=(A-2)2%4-1).
1 2 —1-A

Vay ma tran A c6 hai gia tri riéng A, =2 va A, = 4.

« Ung véi gia tri riéng A; = 2, goi X = (x1,x2,x3) # (0,0,0) la vecto riéng
tuong tng. Khi d6, AX = 2X. Diéu nay trd thanh:

3x1+6x, —9x3 =0,
x1+2x—3x3 =0,
X1 +2x)—3x3 =0.

Hé tuong duong véi x; + 2x, — 3x3 = 0. Tit d6 suy ra tit cd cic vecto
riéng clia ma trn A Gng v6i gia tri riéng 4y =2 1a (20 + 3B, «, B) v6i
moi o’ + B2 #0.

« Ung véi gia tri riéng A, =4, goi X = (x1,x2,x3) # (0,0,0) la vecto riéng
tuong Ung. Khi d6, AX = 4X. Diéu nay trd thanh:

X1 +6x2—9%3 =0,
X1 — 3X3 = O,
X1 +2xy—5x3 =0.

Giai hé nay ta thu dudc tit ca cc vecto riéng ctia ma trdn A Gng véi
gia tri rieng 4, =4 1a 3a,a, o) v6i moi a # 0.

b) V6i gia tri riéng A = 2, chon 02 vector riéng déc l4p tuyén tinh
vi = (=2,1,0) va v, = (3,0,1). Vi gia tri riéng A = 4, chon vector riéng
v3=(3,1,1). Ma tran A chéo héa dugc A = PB.P™!, trong dé

2 00 -2 3 3 —1/2 0 3)2
B=(020|:P=| 1 01 |;P'=[-1/2 -1 5)2
00 4 0 1 1 12 1 =3)2
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Ta co
-2 3 3 2" 0 0 —1/2 0 3/2
A= 1 01 |.l 02 o |.[ =12 -1 502
0 11 0 0 4 12 1 -3/2

6.4" 1 —2n1 3(4n—2") 9(2" ' —2.4"71)

=| 24" 1 _pn-l 4" 32t —2.4m7 1

2401 _on=byn_pn o 5on=l gyl
Thay n = 2024 ta thu dudc
6.42023 N 22023 3 (42024 . 22024) 9(22023 . 2.42023)

2. 42023 o 22023 42024 . 22024 5.22023 —6. 42023

n

2 A s . o R . 1 \
¢) St dung cong thtic khai trién Taylor: ¢* = lim Z EXk va

n—roo =
k ok k gk
3.45-2 3(4k _2hy 9(2 —4%)
2 2
k ok k gk
Ak 4k 2 4k 3(2—45) ’
2 2
-2t 3234
2 2
ta suy ra
3.¢* —e? 3 — &) 9(e? —e*)
2 2
A_| =€ A 3(e? —e*)
2 2
4_ 2 2_ 2 4
et —e A2 S5.ec—3.e
2 2

Bai 5.3 (DH Céng nghé Théng tin). (a) Ta kiém tra 2 tinh chét cta ¢ 1a:

¢(p(x) +4(x)) = ¢(p(x)) + ¢(q(x))
¢ (kp(x)) = ko(p(x))
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trong d6 p(x) = ag+ ax+ axx?,q(x) = b+ b1x+ byx* va k € R. Ma tran clia ¢
d6i v6i co 6 {1,x,x°} 1a

7T —12 =2
A=13 -4 0
-2 0 =2

(b) Pa thitc déc trung ctia A : P4(1) = —A(A +1)(A —2). C4c tri riéng clia A
la 0,—1,2 deu la cac tri riéng don (boi 1) nén A chéo héa dudc.

e Cac véc to riéng clia A tuong ting véi A; = 013 [4a 3a —4a]” v6ia # 0.
e Cac véc to riéng clia A tuong ting véi Ay = —11a [aa —2a]” v6ia #0.

 Céc véc to riéng clia A tuong ng véi A3 =21 [2aa —a]’ v6ia#0

-1 3 1 0O 0 O
Matran T = vaT '=|1 -4 —2|varT'AT=10 -1 0
—2 —1 2 —4 -1 0o 0 2
() V&i p(x) = —1 —2x+3x va toa 40 ctia p(x) dbi véi co s6 B = {1,x,x°} 1a
—1
—2| .Khido
3
-1 1+6.2%0%4
[(P2024(p<x))]3 :A2024 2| = 1_’_3.22024
3 _2_3‘22024

Nhu vy 2% (p(x)) = (1 +6.220%) 4 (1 4-3.222)x + (-2 — 3.220%4)4?
Bai 5.4 (DH Ngoai Thuong). Cac gia tri riéng ctia A 1a 1;—2;4, tim dudc qua
da thic dac trung. Goi ba vécto riéng ting v6i ba gia tri riéng 1;—2;4 1a a, b, c.
Ta c6
— (20.1° —2.1> + 4)a = 22a,

Bb = (20.(—2)° —2.(=2)> 4+ 4)b = —644b,

Be = (20.4° —2.4% +4)c = 20452c.
Do d6 cac gia tri riéng cta B 1a 22, —644,20452.
Bai 5.5 (DH Tra Vinh). Da thttc dic trung cia A 1a x(x+ 1)(x —2) c6 ba
nghiém phan biét nén A chéo héa dudc. Cac gia tri riéng la 0,—1,2 va cac
vécto riéng tuong ting 1a (4,3,—-4)7, (1,1,-2)7, (2,1,—-1)T. Do d6

4 1 2 0 O

p=3 1 1 |,PlaAP={0

0
-1 0
-4 -2 -1 0 0 2
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Suy ra
A2024 _plo —1 o Pl | 1402025 4 9206 5 52024
0 0 2 _2 _ 22025 8 + 22026 4 + 22024
6 DA THUC

Bai 6.1 (DH Giao thong VAn tai). Ky hiéu U 13 khong gian tuyén tinh bao
gbm tit ca cac da thitc ¢ hé sb thuc va ¢ bac khong vuot qua 2024. Ky hiéu
V 1a khéng gian tuyén tinh bao gom tit ca cac da thitc cé hé sb thuc va c6
bac khéng vudt qua 2022. V6i mdi da thic Q(x) v6i hé sb thue, ta dit

PO(x)] = Qx+1)+0(x—1) —20(x) + 70" (x).

Néu Q(x) = ax+ b la da thtic c6 bac khéong vugt qua 1 thi tinh toan truc
tiép ta thu dugde ®[Q(x)] = 0. Néu Q(x) 1a mét da thiic bac n nao déy voi
n>2vacb sb hang dan 13 a,x" thi <I>[Q( )] 1a mot da thitc ¢6 sb hang dan
12 8n(n — 1)a,x" 2 nén ®[Q(x )] 0 va c6 bac 1a n— 2. Tt day ta suy ra rang,
tudng tng Q(x) — P[Q(x)] xac dinh mot anh xa ®: U — V tu khong gian
tuyen tinh U dén khong gian tuyén tinh V. D& dang chi ra dudc ® 1a mét 4nh
xa tuyén tinh va theo phén tich trén

Ker® = {ax+b|a,b € R}.

Ta nhan dudc dim(Ker®) = 2. St dung dim(Im®) = dimU — dim(Ker®) =
2025 —2 =2023 = dimV ta suy ra dudc Im® =V vi @ 1a mot toan cAu. VAy
v6i da thite P(x) cho truée ¢ bac 2022 12 phan ti cta V, ludn tdn tai da thiic
Qo(x) 6 bac 2024 (1a phan tlt ctia U) sao cho ®[Qy(x)] = P(x). Néu Q(x) 1a
mét da thiic ndo diy ma ®[Q(x)] = P(x) thi Q(x) ciing phai c6 bac 1a 2024 va
Q(x) € U. Khi do, ®[Q0— Qo] =P— P =0nén Q— Q) € Ker®. Nhu vay, tap hop
cac da thitc Q(x) thdéa méan yéu ciu ®[Q(x)] = P(x) 1a cac da thiic ¢6 dang

O(x) = Qo(x)+ax+b, a,beR. (1)

Pa thiic hé sb thuc Q(x) nhan sb phitc x = 2++/7i 13 m6t nghiém thi né ciing
nhin x =2 - V7i 12 mot nghiém. Piéu nay tuong duong véi Q(x) phai chia
hét cho da thic bac 2

T(x)=(x—2—VTi)(x—2+V7i)=x* —dx+11.

Dé& dang chi ra dugc trong tap hop (1) & trén chi ¢6 duy nhét mét cip hé sb
thuc a,b d€ Q(x) 12 bdi clia da thiic bac hai 7'(x) = x* — 4x + 11. Nhu vay, ta
da chi ra dugc diéu phai chiing minh.
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Bai 6.2 (PH Vinh). Ta co
P(x).P(2024x*) = P(x**** 4-8x*) v6i moi x € R. (1)

* DAu tién, ta xét trudng hop P(x) 1a da thitc hang. Thay P(x) = ¢ ta suy
rac=0hoacc=1.

* Tiép theo, ta xét trudng hop deg(P(x)) > 1. Thay x = 0, ta suy ra ring
P?(0) = P(0). biéu nay din t6i P(0) = 0 hodic P(0) = 1.
Néu P(0) = 0 thi P(x) = x°Q(x) v6i s > 1 va Q(0) # 0. Thay vao (1) ta ¢6
X Q0(x)2024°x40(2024x%) = (0% + 8x*) Q(x*9* + 8x*) v6i moix € R.
Diéu nay tuong duong véi
X 0(x)2024°0(2024x*) = (x*°20 +-8)*Q(x**** 4 8x*) v6i moix € R.

Thay x = 0 ta c6 Q(0) = 0: mau thuan véi Q(0) # 0.
Vay
P(0)=1. 2)

Dao ham 2 vé (1) ta dugc
P/ (x).P(2024x*) + P(x).8096x> P'(2024x*) = (2024x2923 4+ 32x3) P/ (x?9%* 4 8x*).
(3)
Thay x = 0 vao dang thtic trén ta c6 P'(0).P(0) = 0. Suy ra P'(0) = 0 (do (2)).
Do d6 P'(x) =x".H(x) v6i r > 1 va H(0) # 0. Thay vao (3) ta c6
X" .H (x)P(2024x%) + P(x).8096x>.2024" x*" .H (2024x*)
= (2024x2°% 4 32x%). (622 4 8x*)" H (x202* 1 8x%)

v6i moi x € R. biéu nay tuong duong véi

H(x)P(2024x*) + P(x).8096x>.2024"x*" . H (2024x™)
— (2024x20%% 1 32x3). (x*°% + 8x°)" . H (x*9** + 8x*)

v6i moi x € R. Thay x = 0 vao dang thitc trén ta c6 H(0).P(0) = 0. Diéu nay
mau thuin véi H(0) # 0 va P(0) = 1. Do véy, khong ton tai da thitc P(x) bac
16n hon 0 théa man yéu ciu bai toan.

Viy, tit ca da thiic cAn tim 13 cic da thiic hing P(x) = 0 va P(x) = 1.

Bai 6.3 (DH Vinh). Néu da thtc P(x) bac m thi P¥)(x) =0 v6i moi x € R va
v6i moi k > m+ 1. Suy ra f(x) 1a tong hitu han cac da thiic, do d6 f(x) 12 mot
da thtc.
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Theo c6ng thtic khai trién Taylor ta c6

P (x)
2!
P"(x)
2!

P(x+1)=P(x)+P'(x)+

P(x—1)=P(x)—P'(x)+

Cong vé theo vé hai dang thitc trén ta suy ra

l(P(x—Fl)—I—P(x—l)):P(x)+P//(x) +P(4>(x)

+ ..

2 2! 4!

Vi P(x) khong c6 nghiém thuc nén né giit nguyén dau trén R. Piéu nay din
t6i P(x+ 1) va P(x—1) cung duong hodc cung am véi moi x € R. Do do,

f(x) > 0 luon duong, hodc luén am trén R.
T do, ta ¢ diéu phai chiing minh.

Bai 6.4 (DH Coéng nghé Thong tin).

1. Da thtic dac trung cﬁa,A 12 pa(A) = —(A —2)>. Vi pa(A) =0 va p(x) 1a
da thtic ¢6 bac nhd nhat théa man p(A) = 0 nén p(x) 1a udc caa da thiic
dic trung. Suy ra p(x) c6 dang x — 2, (x—2)? hodc (x—2)>.

Lan luot thay A vao cac da thitc, ta hdy A — 21 £ 0 va (A —21)? = 0. Viy

p(x) = (x—2)%

2. Thuc hién phép chia cé du, ta dude x?°%* = (x —2)%m(x) +ax+b.

Thay x = 2, ta dudc 2°9%* = 24+ b.
2024 _

Liy dao ham hai vé& cia x*°?* = (x — 2)%m(x) +ax+ b va thay 2 vio cac

da thtic cta 2 vé ta duoc

2024.22023 _ 4

Suy ra b = —2023.22024_ Khi d6 A%%%* = 22023 (2024A — 40461).

Bai 6.5 (DH Tra Vinh).

(@) Tacod
1 5(1+2) 1(1+2 +3x%) 1( +x7%)
= - xX7)—— X+3x7) — = (—x+x
4 4 2
~1 1 1
x=—(1+x3) + - (1+2x+3x%) — - (—x+x?)
4 4 2
—1 1 1
x2=T(1+x2)+1(1+2x+3x2)+5(—x+x2).
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(b)

7

T day suy ra

(1) =3 —x+2x
f(x) =2 +4x+ 647
F(x?) =142x+3x%

Do d6 ma tran cia f trong co s6 chinh tic clia Py (x) 1a

321
A=|-1 4 2
2 6 3

Gia st ¢6 u = a+ bx+cx® théa man f(u) = v. Khi dé f(a+bx+cx®) =
1 4+ mx — 5x%, hay

a(3—x+2x2) +b(244x+6x%) + (1 4+2x+3x%) = 1 +mx — 5x°.
Xét hé phuong trinh

3a+2b+c=1
—a+4b+2c=m
2a+6b+3c=-5.

Thé thi v khéng thudéc Imf khi va chi khi hé phuong trinh trén v6
nghiém. Ta co

3 21 1 3 2 1 1
-1 4 2| m |« |0 14 7| 3m+1
2 6 3| =5 0 0 0] —m—6

Do d6é hé phuong trinh vé nghiém khi va chi khi —m — 6 # 0, tic la
m#£ —6.

TO HOP

Bai 7.1 (Dai hoc Giao théng Vén tai). Theo gia thiét, ban d4u cac ¢ db dudc
cam tiing nhém 3 céi lién tuc va cac nhém dude ngin bdi cac ¢ xanh. DE
thudn tién ta goi mbi nhém 13 mot khiic va cac cd xanh 1 diém tiép nbi cia
cac khtic. Ta thay ring 14 cd xanh 6 vi tri 1 ¢6 thé d6i chd cho 214 ¢3 dd & vi
tri 2 hodc 3 trong khiic thit nhit. L4 ¢& xanh & vi tri 1 chi c6 thé d6i ché cho
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duy nhat mét 14 ¢ dé & gifta trong mbi khiic ma né khéng 1a diém tiép noi.
Nhu véy ta c6 tt ca 11 cach d6i chd 14 ¢d xanh 6 vi tri sb 1. Tuong tu 14 ¢
xanh & vi tri 41 ciing ¢6 11 cach d6i chd. Tiép theo ta xét cac 14 ¢d xanh con
lai. Mbi 14 ¢& xanh nhu thé 13 diém tiép ndi cta hai khic ndo diy va né cé
thé d6i chd cho 4 cd d6 trong 2 khtic nay. Trong 8 khtic con lai ma cd xanh
nay khong 13 diém tiép ndi thi né chi cé thé d6i chd cho duy nhét 14 cd dé
& gifta. Nhu vy méi 14 c¢d xanh & cac vitri 5, 9, ... , 37 ¢6 12 cach d6i chd.
Tong sb cach d6i chd cta cac 14 ¢5 14 2.11+9.12 = 130 cach.

Bai 7.2 (PH Tan Trao).

D& dang thy ring R = 1,R, =3 va R3 = 5,R4 = 11.

Khi chon hinh chit nhét c6 kich thuéc 2 x 1 d€ xép vio 6 diu tién ACDH,
thi phan con lai ¢6 R, cach chia.

Khi chon hinh chit nhét c6 kich thude 1 x 2 d€ xép vao 6 diu tién BCEF
hoac ABFG, thi phan con lai ¢6 R, cach chia.

Khi chon hinh chit nhét c6 kich thuée 2 x 2 d€ xép vao 6 dau tién ACEG,
thi phan con lai cling s€ c6 R, _, cach chia.

Suy ra, theo nguyén ly cdng, sé cach chia thda méin yéu ciu bai ra 1a
(cong thic truy hoi) R, =R, | +2R, 5, trong d6 R; = 1, R, = 3.

Phuong trinh dic trung A2 — A —2 = 0 ¢6 hai nghiém phan biét A, = —1,
A =2.

Ta tim x;,x, sao cho

R, = xi Al + x4 4)

Thay A; = —1, A, = 2 vao phuong trinh (1), ta nhan dudc hé phuong trinh

Suyra, R,=

x1+2x =1 1
— X] = <
x1+4x =3 3

[(—1)"+2""1], v6i0 <neN.

W[ —
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Bai 7.3 (DH Vinh).

(@

(b)

Ky hiéu 4 chang trai la A,B,C,D va 4 c6 gai tuong tng theo cdp doi la
a,b,c,d.

Chang trai A ¢6 3 cach chon phong bi khong ghi tén ngudi yéu minh
(lab,c,d).

Khong mét tinh tdng quat, xét A chon dudc phong bi ghi tén cb gai b,
ta viét cap Ab. Khi do,

* Néu B chon phong bi ghi tén a d€ dudc cip Ba thi 02 cip con lai
sé la Cd va Dc.

 Néu B chon phong bi ghi tén ¢ d€ dudc cip Be thi 02 cip con lai
sé la Cd va Da.

* Néu B chon phong bi ghi tén d d€ dudc cip Bd thi 02 cip con lai
sé la Ca va Dc.

VAy, sb két qua c6 thé xay ra d€ khong cé chang trai nao chon ding
phong bi ghi tén ngudi yéu cila minh 1a 3 x 3 =09.

Ta xét bai toan téng quat cho n cip déi va goi D, 13 s6 két qua co thé
xay ra dé khong c6 chang trai nao chon dung phong bi ghi tén ngusi
yéu ctia minh. Dé thay D; = 0va D, = 1.

Gia st chang trai thit i chon dugc phong bi thit a; (1 <a; <n,i=1,n,
a; # i). Ta sé 14p cobng thiic truy hoi cta D,:

* g, con—1 cach chon tu {1,2,...,n—1}.

e Giastta,=k(1<k<n-—1):
TH1: a;, = n.
Khi do (al,az,...,ak_J,a/,{H,...,an,l) chon tu tép {1,2,...,](— 1,k+
1,....,n—1}. Suy ra sb6 két qua c6 thé xdy ra trong trudng hop nay
la D, 5.
TH2: a; # n. )
Khi do (ay,az,...,a5_1,a5,axs1,-..,an—1) lay tu {1.2,....n—1}. Suy ra
s0 két qua c6 thé xay ra trong trudng hop nay 1a D,_;.

Vi vay ta c6 cong thiec:

D, = (n— 1)(Dn_1 —|—Dn_2).
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Ta xac dinh D theo cach truy hoi:

Dy =0,D,=1,D; = 2(D1 —|—D2) =2
Dy = 3(D3 —I—Dz) = 3(2+ 1) =09;

Ds =4(Ds+D3) =4(9+2) = 44,

Dg = 5(Ds +Dy) = 5(44 +9) = 265;

D7 = 6(Dg +Ds) = 6(265 +44) = 1854;
Ds = 7(D+ + D) = 14833;

Do = 8(Ds + D7) = 133496;
Dio = 9(Dg + Dg) = 1334961.

Vay dap sb 12 1334961.



CAC BAI DE XUAT: GIAI TicH

1 DAY SO
Bai 1.1 (PH Co6ng nghé Thong tin - PHQG Tp. HCM). Déy

1 T
Xp < Xppq < <1+§<1—cos;>)xn, Vn € N.

Suy ra

1 T 1 T 1 T
< —(1=cos= (1= —(1=cosZ=))p.
x”“—<1+2<1 Cosn>><1+2<1 COSn—1>> (Hz(l C°S1>>b

Do doé

In <iln(1+1<1 cosn>>+lnb<i 1(1 cosn>+lnb
X —(1-— — —(1-— — .
e _k:I _k:12 k

2 k

Dung nguyén ly CHospital ta dudc

1—cosx B 1

li =—.
xl—r>I(l) x2 2
Dan dén - T
1 —cos= <2(=)2.
n n
Tu day suy ra,

n
1 ”e
Inx, <7 ) i +Inb, héi tu.
k=1

Ta da chiing minh dudc x, tdng va bi chan trén. Nén x, hoi tu.

\ 4 n
Bai 1.2 (DH Dong Thap, N.T. Hiéu va V.D. Thinh). (a) Ta c¢6 = ——

(n+1)!  n!
. Do dé
) 0
_1 1+1 1+ +1 1 _q 1
S TR TR TRREY n m+D o D!
o 2023 e a
Do do, tu un<m, suy ra (n+1)! < 2024. Do dd, gia tri n 16n nhat thoa

mén bAt ding thitc nay 1a n = 5.
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n+1
(n+2)!

(b) Tacod uyyy —u, = > 0 hay u, 1 > u, > 0. Do do

12024 = {/Uypg < YU} 1+ F b, < /2024050, = uz024 V2024,

\ . n : n n n n —1
Ma lim /2024 =1.Suyra lim {/uf+Hus+- -+ ihyy = =1- 57

Bai 1.3 (DH Giao théng VAn Tai).
(a) Tir gia thiét, d& thiy x, > 0,vn > 1. Xét

2(1 —Xn)(l —Cln_|_1)
1 +2a,,1x,

1 —xp41 = ,Vn>1

Do x; = a; < 1 né quy nap theo n ta dudc x,, < 1Vn > 1.
Mait khac, ta lai co:

(1 =x,)(2ap+1 — 1 +2ap41x,)
1 +2a,1x,

Xn+1 —Xn =

! R
D00<xn<lva§<an<1,Vn21nenxn+1—xn>O,Vn21.

(b) T cau a, ta co:
1 —x11 _ 2(1 _anJrl)
1—x, 1+2a,1x,

n>1.

~ ~ N 1 N
Do day x, tang thuc su nén x, > x; = a; > X Ta nhén dugc

1 —xpp1 2(1 _anJrl)

n>1.
I —x, 1 +apg1 a
Xét ham 21— 1
—X
= - 1
fO) == <x<
Ta co 4
X)) = —— <0,-<x<1
Suy ra
1 21
i 1
f(x)<f<2) 3,2<x<
‘ b 1
Ap dungvm§<an+1<1ta dugc
1 —Xxpt g 2
l—xn <f(an+1)<3.
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Ta co

1— 1—a,_ 1— 2\n—1 1
0<lgy=—_dn ~“fnl az.(l—a1)<<—) =~ —0
l—an,l l—an,Q 1—611

khi n — +eo. Vay limx, = 1.
Bai 1.4 (DH Vinh, N.V. btc).
(a) Dé& thiy x, >0, Vn € N*. Ta ¢4 [x,] + 1 > x,, Vn € N*. Tit day suy ra

2 2 2 2
X X X X X,
3 s = s < a- =, vneNL (1)

0<n = <
TR 4 3043 3(b+1)  3x, 3

Tu (1) ta co

X7 X6 X1 2024
<< =< <. <==—=<1. 2
BS3 532 37 2187 (2)
(b) Tu (1) ta co
X, X1 2024 \
0<x, < 31<...<3n—i1:W,VneN. 3
Vi
2024 2024 . (1\"_
nbee 3T 3 pte\3) T
nén theo nguyén ly kep ta c6 day {x,},_; 1a day hoi tu va hT xp = 0.
n——+oo

2 CHUOI SO

Bai 2.1 (DH Cong nghé Thong tin - PHQG Tp. HCM). Dit a; = Bsin’(ka).
Péy
1 A
by o B sin’(kat) _ @ 2 neu a; = 1
L 1+ Bsin®(ka) 14a; —

s neu g, <1

~+oo
Ta sé chitng minh Z a phan ky bang cach chi ra sin?(ker) khong cé gi6i han
k=1

~+oo
khi k — +eo. Tit d6, Y by ciling phan ky. V6i y ¢ {Ix : | € Z}, siny # 0. Dit
k=1
X, = sinny va y, = cosny. Ta co
Xp4+1 = X COSY — Yy, sinYy,

Yn+1 = XpSINY+ y, COSY.
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Suy ra

_ XpCOSY —Xpt _ Ynt1 —YnCOSY
Yn = : ) Xn = - .
siny siny

Suy ra {x,} hoi tu khi va chi khi {y,} hoi tu. Gia su ta ¢6 x, — x va y, — y khi
n — +oo. Ta chtng minh dudc

cosy—1 1—cos
By =1, y=x ol 2yt 58T
siny siny

Gidirax=y=0.V01ly. Lai dé y,

1 —cos(k(2ar))
2 )

sin® (ko) =

suy ra sin®(kot) khong 6 gi6i han khi k — 4-c0. Do d6 cfing chting minh dugc

—+oo
rang Y a; phén ky.
k=1

Bai 2.2 (PH Khoa hoc Tu nhién - PHQG HN). Tit hinh vé ta c6 thé xét chubi
so duong
1

n>1 4n
Khi dé tng ctia chudi chinh 1a ti 18 gifta téng dién tich clia cac hanh vudng
mau xam so v6i dién tich cta hinh vuéng ngoai cling.

Dung dinh nghia ta tinh dugc tong ctia chudi trén 1a 1/3.
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3 HAM SO

Ba1 3.1 (PH Co6ng nghé Thong tin - DHQG Tp. HCM). Cho y € (0,), ddt
= Iny. Ta chitng minh dudc rang néuy — 1 thi a — 0. Khi y kha gan 1 thi

fO)—f() _sir’or
y—1 e —1

(f(e) = f(1).

\ 2 . (04 . ,
Dung quy tac I’Hospital ta suy ra h 7~ 0, khi o« — 0. Do d6 f'(1) =
e j—

Bai 3.2 (DH Déng Thap, N.T. Hiéu va V. Thinh).

(a) V6imbin e N, ta dit

fulx) i=2x—Vx+n—vVx+n+1.

Khi d6 f, 1a ham kha vi lién tuc trén (0,e). Hon nita, f,(x) > 0 v8i moi
x>0vaneN. Do do f, tang nghiém ngat trén (0,). Mat khac, ta co

fu(v/n) <0va f,(vVn+1)>0.

Do dé, ton tai x, € (v/n,vn+1) sao cho f(x,) = 0. Vi f, 1a ham ting
nghiém ngit trén (0,e) nén x, 1a duy nhét v6i mbi n € N.

(b) Xét bit ding thic thu dudc & trén nhu sau:

Vn<x, <vVn+1.
Didu ndy suy ra ring lim % =1
y suy g lim —==1
PE tinh lim (x, —+/n) ta c6 dang thitc sau:

n——+-oo

2(xp —v/n) = (Vxn+n_\/_ +(Vxp+n+1—+/n)

Xy 1
NG it

= —= +
\/7+1+1 JET+ L

— 1 khin — +oo.

Do d6, lim (x,— /)=

1
n——oo 2 ’
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Bai 3.3 (DH bong Thép, N.T. Hiéu va VD. Thinh). Ta c6

—f(0 2 lcos &
x—0 x—0 x—0 X
Suy ra f kha vi tai 0 va f'(0) = 0.
\ 2
V6i e Zthi f/(x) ton tai. Véix, = ——,n=0,2,4,...,tacd
x7£2n_’_15n f(X) : Xn 2n+17n 3Ly hy
2 T
x“cost TN/
£ (x,) = lim L = (xzcos—) =,
x—=x1 X —Xp X7 x=x,
2 T
x“cost TN/
(%) = lim — L = (—xzcos —> = -,
X—Xy X —Xn X7 x=x,

. 2 . .

Tuong tu, v6i x, = "= 1,3,5,... thi f, (x,) = —mva f  (x,) =7 Suyra
n

f khong kha vi tai cac diém x,,,n € Z.

Bai 3.4 (DH Dong Thap, N.T. Hiéu va V. Thinh). Dit

8(x) = f(x) —e™",x =0,

ta ¢6 g(0) = 0,g(x) < 0 va lim g(x) =0. Néu g(x) =0 thi f'(x) = —e* v6i

x € (0,00), do d6 gia stt ton tai a > 0 sao cho g(a) < 0, khi d6 véi x dti 16n, gia
stt x > M thi

g(x) > 5g(a),
tlt d6 suy ra g nhan gia tri nhé nhit tai xo € (0, M), tic 12 g’ (xo) = 0.

Bai 3.5. (a) D& nhan thiy f lién tuc tai cac gid tri x # 0 v6i moi a, b. Nhu
vy, ta chi can tim a dé ham f lién tuc tai x = 0. R0 rang,

flién tuc tai x = 0 <= lim f(x) = £(0) <= limx*sin(x *) =0 (1)
x—0 x—0

¢ TH1:a >0, vi
0 < [x*sin(x?)| < |x| = 0khix— 0

nén (1) dang.
¢ TH2: ¢ =0, chon 2 day

/
v~ (5m)
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(b)

@

/ 1 1/b
n = ( T+ 2n71:>
Hién nhién, x, — 0, x, — 0 khi n — co. Nhung, lim £ (x,) =0 # lim f(x,,) =
1.
Do vy, lim f(x) khong ton tai.
x—0
¢ TH3: a <0, ta ctng chon day x;l nhu trén. Khi d6, lim f (x;) = +oo. Nhu
vay, gi6i han lil’I(l) f(x) (néu ton tai), cing sé khong thé bang f(0).
X—
VAiy, ham f lién tuc trén [—1,1] khi va chi khi a > 0.
Xét gi6i han

e SR PO

sin(x~?).
x—0 X — x—0

Tuong tu cAu a, ta thiy gi6i han nay ton tai hitu han khi va clﬁ khi
a— 1> 0. Khi d6, giéi han nay bang 0, titc 1a f/(0) = 0. Vay f’(0) ton tai
khi va chi khia > 1.

Ta luu ¥ két qua ctia cAu b, d6 1a véia > 1, c6 f/(0) = 0. Cling v6ia > 1,
f(x) = ax* Tsin(x?) —bx® "L cos(xb), x £ 0.
Xét giéi han

. flx)=f) . a-2 .. [ —b a—b—2 —b
ilg(l)T_ig% ax®"“sin(x"”) — bx cos(x™")] (2)

¢THl:a>b+2,Vi

0 < |ax2sin(x?) —bx* "2 cos(x )| < a|x* 2|+ b]x* 72| 5 0 khix — 0

nén gi6i han & (2) bang 0, tizc 1a £”(0) = 0.
¢ TH2: a = b+ 2. Dit k(x) = ax® Zsin(x %) — bx* "2 cos(x?). Ta ciing
chon 2 day x, va x,, nhu ciu a, ta dugc

limk(x,) = —b # limk(x,) = 0.

Do d6, gi6i han & (2) khong ton tai.

¢ TH3: 1 <a < b+2. Gibi han & 2 ciing khong ton tai hitu han vi
limk(x,) = —oo.

Viy dao ham f”(0) ton tai khi va chi khi a > b+2.
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Bai 3.6 (DH Giao thong Van Tai, N.T. Huyén). Goi khoang cach tit chan thang
dén chén c6t d6 BD = x (m). Ta ¢ BH = \/9 +x2. Theo dinh li Ta - Iét,

BH  BD BH-BC x+04

— AB = _ V912,
AB _ BC BD X T

Bai toan trd thanh tim x > 0 dé

x+0,4

f(x)=AB= 9+ x2

dat gia tri nho nhéit.

0,4v9 +x2 N x+04
x? VO a2

f(x)=0&04(9+x%) =x*(x+0,4) = x* =3,6 & x = 3/3,6. Ta cé bang bién
thién

£ =-

oo +oo

Viy chiéu dai nhé nhit clia cai thang thda mén yéu ciu 13
AByin = f ( y 3,6) ~5.9m.

Bai 3.7 (DH Khoa hoc Ty nhién - PHQG HN). Ta cAn x4c dinh a va b sao cho
ton tai ham F : R — R kha vi ma

F’( )= F0) 2 +a néuxSO,
x) = f(x)= ,
be*+x néux >0,

trén toan R. Khong khé d€ thdy ham f c6 nhiéu nhit mét dlém gian doan
taix=0.DEy rang cac gidi han trai va pha1 ctia ham f tai 0 13 ton tai. Theo
Dinh ly Darboux vé gia tri trung gian | cta dao ham thi x =0 khong thé 1a
diém gian doan cé budc nhay. (Thuc té x = 0 ciing khong thé 13 diém ky di
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khtt duge va tit day ta thu dude thém thong tin vé tinh gidn doan cta ham
dao ham.) VAy ta phai c6

xgl’(l)’l_ f(x) - xgr(l)l-ﬁ- f(X) .

Va do d6 a = b.

Bai 3.8 (DH Vil‘lh, N.V. DIIIC). Néu f(x) = f(y) thi f2024 (x) = f2024 (y) hayx =Jy.
Do d6 f don 4nh. Két hop véi gia thiét f lién tuc trén R ta suy ra f don diéu
ngat trén R. Ta xét hai truong hop sau:

Truong hgp 1. f don diéu tang ngat trén R. Néu f(x) >xthix < f(x) < fo(x) <
< f2024(x) = x. Neu f(x) < x thix > f(x) > fz(x) > > f2024(x) =X. Véy ta
phai c6 f(x) = x, Vx € R. Diéu nay kéo theo f(x) =x, Vx €R.

Truong hgp 2. f don diéu giam ngét trén R. Néu f>(x) > x thi f3(x) < f(x),
fa(x) > f2(x),... Nhu vay ta c6

x < folx) < falx) < ... < faoa(x) = x.
Néu f5(x) < x thi f3(x) > f(x), fa(x) < fo(x),... Nhu vay ta c6
x> fo(x) > fa(x) > ... > fr024(x) = x.
VAy ta phai ¢ f>(x) =x, Vx € R.
Bai 3.9 (DH Vinh, N.V. buc).

(@) Tacod
1. 2023 +2024F
Inf(x) = —ln;, Vx > 0.
X 2
Vi 2023* +2024*
lim ln; = lim x=0
x—0t 2 x—0t

nén ap dung quy tic ’Hospital ta c6
2023* +2024*
In———
lim 1 = 1li
Jim Inflx) = lim ——
( 2023 4+ 2024X> !
In——
) 2
= lim
x—0t 1
. 1(20231n2023 +2024*1n2024)
= A 2023% + 2024

2
 1n2023+1n2024  1n2023.2024

2 2
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Suy ra
lim In f(x)

lim f(x) = et =e 2 =/2023.2024.

x—0t

(b) Xét ham 2093 4 2004
g(x) =Inf(x) = 411%
X

Ta c6 nhan xét f 1a ham s6 don diéu ting trén (0,+o0) khi va chi khi g 13
ham so6 don diéu tang trén (0, +co).

, Vx> 0.

Ta ¢o
) 1 In 2023* +2024*
xX)=-In————
§ X 2
2024X((M)x+1) . L2023
— I 20 _ Doty Ly Go2e) +1
X 2 X X 2
1 (35) +1
:ln2024+—1n(20L, Vx> 0.
X 2
2023
Ditr=——- 1). Ta cé
att 20246(0,) a co
1. t"+1
g(x) =1n2024+ —1In a , Vx> 0.
X
Suy ra

1 “+1 1 5Int
/ _ 2
1. t'+1 t*Int
=——1 Vx> 0. 3
202 +x(tx+1)’ * (3)

Ta sé chitng minh
g (x) >0, Vx> 0. 4)

Bt dang thiic (4) tuong duong v6i

t*Int 1. #+1

> In——, Vx>0
x(tx+1)>x2n 2 7
xt*Int +1
1 . 5
R L R )

Xét ham sb
xt*1Int +1
= —In
*+1 2

Q(x) , Vx> 0. 6)
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Ta co
xt*In?t

0'(x) =
Ta thiy Q'(x) > 0, Vx> 0,0'(0) = 0. Diéu nay kéo theo Q(x) > Q(0) =
0, Vx > 0. Do do bét dang thitc (5) ding hay bét dang thu’c (4) dung.

Viy ¢ 1a ham sb don diéu ting trén (0,+o) hay f 1a ham s6 don diéu
tang trén (0, 4oo).

4 PHEP TINH VI PHAN

Bai 4.1 (DH Bach khoa - PHQG Tp. HCM, PT. Thuc). (a) Liy xo € R tly ¥.
Ta sé chitng minh

3
o) = 50 )
Theo khai trién Taylor thi v6i moi 7 > 0 ludn ton tai & va & sao cho:

F 1) = £ () + 1 (o0} 5 " () + S ()7,
Flo—1) = F(x0) — £ (o)t + 3£ o) — £ ()
Vi f(xo+1),f(xo—1t) khong dm va —1 < " <1 nén
0 f (s 0)+f (v 1) €21 (x0) + " () 4 537
Nhu vay ta co
2f (x0) + " (x0) £ + %ﬁ >0, Vt>0.

Tit bit ding thiic nay ta sé chon ¢ > 0 mét cach hop ly d€ dat dudc (x).

. . 1 o 1
s Néu f (xg) =0, thi f” (xo) >+ §z3 >0,V >0. Tacla f” (xg) > —3hV>
0. Dan dén f” (xo) > 0. VAy (x) ddng.
* Néu f(xo) > 0, thi chon r = /12 (x). Khi d6

0<2f (x0)+ 1" (Xo)fZJF%t3 = (12 (x0))*? (f" (x0) + 1 %f(xo)> :

Ta ciing két ludn dudgc (x) ding.
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(b) Ta sé chiing minh rang néu moét ham s6 f thoa man cac diéu kién cta y
(a) va

3
f"(x) = —¢ Ef(x), Vx € R, (%)
thi f/ (x) = 0 v6i moi x. Ta sé chi ra diéu nay bing phan chting.
* Gid sit ton tai x sao cho f’ (xo) < 0. Tit khai trién Taylor va gia thiét

" <1,tacéd

0< f(xo+1) gf(xo)—f—f'(xo)t—f—%f”(xo)tz—i—ét?’, v > 0.

- Néu f (xg) =0, thi f” (xo) = 0 (do gia thiét bai todn). Din dén

1 1
OSf'(xo)t+8t3:t (f'(xo)—i—th), vt > 0.

Piéu nay 14 v6 1y néu ta chon ¢ duong di gan khéng (vi f/ (xp) < 0).
- Néu £ (xp) >0, thi ta chon r = /12 f (xo). Khi d6

0 1 (x0)+ 1 (o)1 3" (30) P+ ¢1°

=/ (0) + ' (x0) /T2 Go0) — 5 3. o) {12 (50))? 4 2 ()

= f"(x0) V12 (x0).

Piéu nay ciing din t6i mAu thuln vi f' (xo) < 0.
« Trudng hop ton tai xp sao cho f'(xg) > 0 ciling l4p ludn hoan toan
tuong tu, bang cach xét f (xo —¢), ta cling dat dugc mau thuan.
Nhu vay ta viria chi ra dugc f’ (x) = 0 v6i moi x. Ttic 1 £ 13 ham hang. St
dung (xx) ta két ludn dudc rang f = 0.
Bai 4.2 (DH Cong nghé Thong tin - PHQG Tp. HCM). Ta sé ching minh
f(x) =0 v6i moi x € [¢,1]. Gid st ton tai (a,b) C [c,1] sao cho f(x) >0, Vx €
(a,b). Vi f(c) =0va f lién tuc, nén ton tai d € [c,a] 16n nhat sao cho f(d) =0.
Tiép theo ta chitng minh dudc f(x) > 0 v6i moi x € (d,b). T do

fl(x) <Mf(x), Vx € (d,b).

Xét ham sb
g(x) = e M f(x),
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suy ra g(x) > 0 v6i moi x € (d,b). Mat khac
g'(x)=—Me ™ f(x)+e ™ f(x) <0,

’ . “A A «A \ A A \ P A A b d
do do g(x) nghich bién trén (d,b), diéu nay mau thuan vi n6é dan dén g(%) <

0. Ta cling c6 mbt mau thuin néu 3(a,b) C [c, 1] sao cho f(x) <0, Vx € (a,b).
Tuong tu ta s€ ching minh dugc f(x) =0 véi moi x € [0, c].

Bai 4.3 (DH bong Thép, N.T. Hiéu va VD. Thinh). (a) V6i mbi x € R, theo
Dinh li Lagrange, ton tai ¢, ¢, sao cho

x—l<ci<x<c<x+1
va thda man
f) = fx=1)=f(c1), fx+1) = f(x) = f'(c2).
Vi f/ gidam ngét trén R nén f'(c2) < f'(x) < f'(c1). Suy ra

Fat+1) = fx) < f'(x) < flx) = fx—1).

(b) Vitdntai lim f(x) =L nén
X—>+o0

lim (F(x+1)— £(x)) = lim (f(x) = f(x—1)) =0.

X—>+o0 X—r oo

Do do, tit f(x+1) — f(x) < f/(x) < f(x) — f(x—1),tacd lim f'(x)=0.

X—>—+o0

(¢) Chon g xac dinh bdi

vOi x # 0 va g(x) = 0 néu x = 0. Kiém tra truc tiép, ta thiy ham g thda
man diéu kién can tim.

Bai 4.4 (DH Giao thong Van Tai, N.T. Huyén). Xét ham h(x) = [ suyra

o ~ N\ \ 1 \ M A 2 1

H(x) = ¢ : ROrang h €V vah' —h(x) = p— la hang so0. Ta chira a =
e —

e—1
la gia tri duy nhat théa man bai toan. That viy, v6i moi f € V, ta dat

g(x) = f(x)e™" +h(—x)
Hién nhién, g(0) = g(1) = 0. Ta tinh dudc

g(x)=f(x)e™" = f(x)e™" = h'(—x).
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Gio, ta 4p dung dinh Ii Rolle cho ham g trén doan [0,1], tén tai & € (0,1) sao
cho
e s 1

- 0= f(E) - £(6) =

§E)=0=r(E)e " —f(&)et ——— pt

1
e—1

Vay a =

Bai 4.5 (PH Khoa hoc Tu nhién - PHQG HN). Theo Dinh ly Lagrange, tén
tai @ va b thudce (0,3) sao cho

flla)=f(1)—f(0), f(b)=f(3)—f(2).

Nhu vAy y nghia ctia bai 1a mé rong cong thiic gia tri trung binh nhu trong
Dinh ly Lagrange tai nhiéu dlem Theo Dinh ly Darboux vé gia tri trung gian
ctia dao ham thi ton tai ¢ nam gitta a va b, va do d6 thudce (0,3), sao cho

fB3) - f@2)+ (1) - f0)

7(e) = :

Bai 4.6 (DH M6 - Dia chét, H.N. Huén). Ky hiéu t6ng ctia chubi 1a @(x). Vi
chuoi hoi tu déu nén ta 6 thé lay vi phan no theo ting hang t. Thé nhung
¢'(x) = ¢(x). Diéu d6 c6 nghia la

¢(x) = const - e".

Bai 4.7 (PH Vinh, N.V. Dtic). Gia st f’(x) # 0, Vx € R. Vi f” 1a ham lién tuc
trén R nén hodc f”(x) > 0, Vx € R hodc f(x) < 0, Vx € R. Khéng mét tinh
tong quat, ta gia st f”(x) > 0, Vx € R. Khi d6 f’ 1a mot ham don diéu ting
ngat.

Lay xo € R. Néu f'(xo) > 0 thi tit Binh Iy Lagrange va tinh ting ngit ctia ham

ftacod
M >f/(xo), Vx> xo
X —X0
hay
F(x) > (x—x0)f (x0) + f(x0), Vx> xo. (D
Vi

lim (x—x0)f (x0) + f(x) = +o0

X—ro0
nén tir (1) ta thiy f 1a mot ham sb khéng bi chin. Diéu nay mau thun véi
gia thiét

£ (x)] <2024, Vx € R. (2)
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Néu f'(x) < 0 thi tit Pinh Iy Lagrange va tinh ting ngit ctia ham f’ ta ¢6

f(X) _f(X()> < f,(XO)a Vx < X0
X —X0
hay
F(x) > (x—x0)f (x0) + f(x0), Vx < xo. (3)
Vi

lim (x—x0)f (x0) + f(x0) = +o0

X—>—o00

nén tir (3) ta thiy f 1a mot ham sb khéng bi chin. Diéu nay mau thuin véi
gia thiét (2).
VAy ton tai x € R sao cho f”(x) = 0.

5 PHEP TINH TICH PHAN

Bai 5.1 (PH Cong nghé Thong tin - PHQG Tp. HCM). Dy

/alf(t)dt <(1—a)f(a), af(a)< /Oaf(t)dt.

Suy ra
a/alf(t)dt <(1—a) /Oaf(t)dt.
Do dé
/Olf(t)dt <(+a)! véia=2024.
bat

h(x) = (o4 1)~ 1x* ! —/Oxf(t)dt, Vx € [0,1].
P&y h(0) =0 va h(1) > 0. Mit khac, ton tai € > 0 sao cho
h(x) < (o41)"1x+1 %ﬁx, Vx € [0,€].
Suy ra ton tai a € (0,1) sao cho h(a) < 0. Theo d6 c6 mét b € (a,1) sao cho

h(b) = 0. Lai theo dinh ly gi4 tri trung binh thi c6 mét d € (0,b) thoéa A’ (d) =0
hay f(d) = d****.
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Bai 5.2 (DH Déng Thap, N.T. Hiéu va VD. Thinh). (a) Vi0< f'(x) < 1 v6i moi
x € [0,1] nén f la ham so dong bién trén [0, 1]. Do d6 f(x) > f(0) =0 v6i
moi x € [0, 1]. Ta lai ¢

—2/(1 /f Ydx — (f( /f Ydx — )
—2 [ fax— (702

G'(t) =2f() =2 (1) f (1) =2f (1)(1 = f'(1)) = 0
v6i moi 7 € [0, 1]. Suy ra G ham sb6 dong bién trén [0,1]. Do d6 G(r) >
G(0) = 0. Do d6 F'(r) > 0 v6i moi x € [0, 1] hay F d6ng bién trén [0, 1].

Ta co

(b) Vi F dbng bién trén [0,1] nén F(1) > F(0). Suy ra

( A f(X)dX)2 > [

Chon f(x) = x v6i x € [0, 1], kiém tra truc tiép ta c6 ding thic xay ra.

Bai 5.3 (DH Giao thong Van Tai, N.T. Huyén). Ta c6
fE)+f(1—x) > 2/ f(x)f(1-x) =2

Chuyén qua tich phén trén [0, 1], ta dudc

/()1f(X)dx+/()1f(1—X)dx22/01dx:2

Bang phép d6i bién tich phén, dé thiy

Nhu vay, ta co

T dé ¢ két luén.

Bai 5.4 (DH Khoa hoc Tu nhién - PHQG HN). Theo cong thtic gia tri trung
binh cho tich phén ta luén co6
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v6i ¢ € (0,1) nao d6. Y nghia ctia bai 1a mé réng két qua nay cho hai diém.
Do f kha tich trong [0, 1] nén ham F dudc cho béi tich phén

1a x4c dinh trén [0, 1]. Ngoai ra do f lién tuc trong (0,1) nén F kha vi trong
(0,1). Theo binh ly Lagrange, ton tai ¢ € (0,1) sao cho

F(1)—F(0) =F'(c).

Két hop cac diéu trén ta thiy dang thiic cin chitng minh tré thanh

trong d6 a,b 1a cac sb thuc phan biét trong (0,1) can phai xac dinh. Néu ¢ 1a
diém cuc tri (toan cuc) clia F’, khong mét tinh t6ng quat gia st day 1a diém
cuc dai, thi

F'(x) <F'(c) = F(1)— F(0) véimoi (0,1)3x#c.

13 ham hang. Tir ddy ta suy ra

F'(x)=F(1)—F(0) trén [0,1]
va do d6 khang dinh 13 tdm thudng do F’ 1a ham hang. Ti‘ép theo ta xét truong
hop ¢ khéng 1a diém cuc tri (toan cuc) ctia F’. Khi d6 ton tai p,q € (0,1) sao
cho F'(p) < F'(c) < F'(q). Khéng mat tinh tong quat ta gia st p < g. Theo

Dinh ly Darboux vé gia tri trung gian ctia dao ham ta tim dudc d € (p,q) sao
cho

Liy & > 0 dt nhd sao cho
F'(p)<F'(d)—e<F'(d)<F'(d)+¢e<Fq).

Tiép tuc st dung Pinh Iy Darboux ta tim dudc a € (p,d) va b € (d,q) thda
man yéu cau.
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Bai 5.5 (DH M4 - Dia chét, H.N. Huén).

/ exzﬂzﬁkvzdxdydzdv =

x24y2 422 +v2<1

// o // e 7V dzdv dxdy =

x24y2<1 2412 <] —x2—y2

21 v/ 1—x2—y?2
// & (/ d(p/ e " rdr dxdy =
0 0

x2+y2<1

2 1
// e (17 dxdy = n/ d(p/ e (1= ) rar =
0 0

x24y2<1

1
=r ( l—l—2+2 ):nz(coshl—l).

Bai 5.6 (DH Vinh, N.V. D{tc). Xét ham s6

sSimnx T
19 == e [65]
Ta c6 .
Fla) = xcosy;z— smx’ Vrc Eg}
Xét ham s i(x) = xcosx — sinx, Vx € [Z 3} Ta co

I (x) = —xsinx <0, Vx € [g, g} .

Do do
h(x) gh(%) <0, Vx e [g,g]

Piéu nay kéo theo

F =t <o e [£.7]
Tu day suy ra
1(3) <s@<r(5) ve (5:3)
Vi f(x) >0, Vx € [g g] nén ta cd
r(3) <rar<r(g) we (§.5)
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Tir day ta c6 bat dang thitc

o (Y e [Fswpas< [ (E) ax

hay
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6 PHUONG TRINH HAM

Bai 6.1 (DH Khoa hoc Tu nhién - PHQG HN). Trudc tién ta chiing minh f’ la
ham héng. Phan ching f' khéng phai 13 ham hing, khi d6 ton tai a,b € (0,1)
sao cho f'(a) < f'(b). Theo Pinh Iy Darboux vé gia tri trung gian ctia dao
ham thi trén (0,1) ham f’ nhan moi gid tri trong (f'(a), f'(b)). Bang cach xét
f'(x) € (f'(a),f (b)) véix € (0,1) thich hop ta suy ra da thiic

2 —3t+2=0

o vb sb nghiém. Day la diéu vo ly. Vay fla ham hing va do d6 f € {1,2}.

Pén day ta dé dang thu dudc tit ca cac ham f cin tim. (Phuong trinh ham
dugce cho & bai 1a mot dang déc biét clia phuong trinh vi phin thudng. Tuy
nhién két qua ctia bai cho chiing ta biét cac phuong trinh vi phin thudng néu
chi gdbm mot dao ham thi khéng thi vi. Do dé trong ly thuyét phuong trinh
vi phén, cdc phuong trinh ham nén cé su tham gia cta it nhat 14 hai dao ham
v6i bac khac nhau. O d4y ta xem ham 1a dao ham bac 0 ctia chinh né.)



