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Gidi thiéu

Tap ky yéu ctia Ky thi Olympic Toan Sinh vién 14n thit 23 tip hop mot sb bai
cling véi cac dap an do cac trudng va hoc vién tham gia ky thi dé xut. Do
gi6i han vé thoi gian nén & day chung t01 ch1 tap hgp bai tap tit nhitng dé
dudc soan bang LATEX, nhiing dé thi dé xult 0 dang file *.doc hoac * pdf
ma khong c6 file LATEX di kém déu khong xuét hién trong tap ky yéu nay
Chung tdi ciing gitt nguyen cach trinh bay dé va dap an nhu dé xuét, chi sta
lai mot s6 16i nhé ma ching t6i phat hién ra trong qué trinh bién tip.
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Phan I

KY THI OLYMPIC TOAN SINH
VIEN LAN THU 23






THONG TIN VE KY THI

1 Thong tin chung

Ky thi Olympic Toan danh cho sinh vién 14n tht 23 dudc t6 chitc tit 13-
19/4/2015 tai Truong dai hoc Kinh té - Dai hoc Hué. Nam nay c6 mot thay
ddi so v6i cac ky thi trude 1a cac d6i tuyén dudce chia thanh hai bang A va B.

D4 c6 88 doan tlr cac trudng dai hoc, cao ding, hoc vién trong cd nudc tham
du ky thi, ¢6 665 sinh vién du thi cac mon Dai so va Giai tich.

Co quan t6 chiic
e B0 Giao duc va bao tao
e Lién hiép cac Hoi Khoa hoc va Ky thuat Viét Nam
e Trung uong Hoi Sinh vién Viét Nam
e Hoi Toan hoc Viét Nam
e Trudng dai hoc Kinh té - Pai hoc Hué

25 4

Truong dai hoc Kinh té - Pai hoc Hué. Nguén: Pai hoc Kinh té - Pai hoc Hué
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Ban t6 chiic
Trudng ban: GS. TSKH. Phung Hb Hai (H6i Toan hoc), PGS. TS. Trin Vin
Hoa (Truong dai hoc Kinh té - Dai hoc Hué).

Ph¢ trudng ban: GS. TSKH. Pham Thé Long (Hoi Toan hoc), PGS. TS. Nguyén
Tai Phuc (Truong dai hoc Kinh te - Dai hoc Hu€), GS. TS. Lé Van Thuyét (Ho6i
Toan hoc va Dai hoc Hue).

Uy vién: TS. Doan Trung Cudng (Hoi Toan hoc), TS. Lé Cudng (Trudng dai
hoc Bach khoa Ha Noi), ThS. Ngé Sy Hung (Trudng dai hoc Kinh té - Dai hoc
Hue).

2 Két qua

V6i két qua thi cta thi sinh, Hbi déng thi da théng nhit danh sach sinh vién
dugc trao giai. SO lugng giai dudc trao cu thé nhu sau:

BANG A
Moén Dai s6 Mon Giai tich
- Giai nhét: 21 giai. - Giai nhét: 16 giai.
- Giai nhi: 32 giai. - Giai nhi: 30 giai.
_ Giai ba: 46 gii. _ Giai ba: 57 giai.
- Khuyén khich: 10 giai. - Khuyén khich: 13 giai.
BANG B
Moén Dai s6 Moén Giai tich
- Giai nhét: 11 giai. - Giai nhét: 8 giai.
- Giai nhi: 16 gidi. _ Gii nhi: 17 giai.
- Giai ba: 32 giai. - Giai ba: 30 giai.
- Khuyén khich: 34 giai. - Khuyén khich: 15 giai.

Giai dac biét
Ban t6 chiic ky thi dd quyét dinh trao 6 giai dic biét cho cac sinh vién hoic
dat diém cao nhat cia mot moén hodc dat hai giai nhat ctia ca hai mon.



Thit trudng B6 GD&DT Bui Vin Ga va cac sinh vién doat giai déc biét.
Nguén: Pai hoc Kinh té - Pai hoc Hué

Phé chti tich UBND tinh Thita Thién Hué Nguyén Dung va cac sinh vién doat giai nhat.
Ngué‘n: Dai hoc Kinh té - Pai hoc Hué



OLYMPIC TOAN DANH CHO SINH VIEN
Khoi day tinh yéu Toan !

Phung H6 Hai 2

Olympic toan hoc sinh vién la mot hoat dc“)ng thudng nién ctua Héi Toan hoc
Vlet Nam. Ky thi nhin dugc su hudng ing ctia rit nhiéu trudng dai hoc cao
ding cling nhu cac hoc vién trong toan qubc. Tai ky thi 14n thit XXIII t§ chitc
tai Hué, thang Tu nam 2015, da c6 88 trudng gui doan tham gia véi 665 sinh
vién.

Olympic toan hoc sinh vién dudc t6 chitc theo mé hinh cfia Olympic toan hoc
quée té danh cho hoc sinh trung hoc (IMO). Viéc t6 chitc duge phbi hop gifta
mot truong dai hoc va Hoi Toan hoc Viét Nam. Thong thuong, Olympic dude
t6 chitc tai mién Trung, tt Quang Binh t4i Phii Yén. C6 nhiéu ly do cho quyét
dinh nay: giam chi phi di lai cho cic don vi tham gia; muc tiéu dong vién
phong trao hoc tdp trong sinh vién mién Trung; khung canh hitu tinh cda
cac thanh phd mién Trung; va hon hét 13 su mén khach cta con ngudi mién
Trung néi chung va cac thay c6 gido trong cac truong dai hoc & d6 noi riéng.
Mbi trudng dai hoc, cao dang hodc hoc vién ct mét doan tham du bao gf\)m
trudng pho doan va khéng qua 10 sinh vién, duf thi mot trong hai (hodc ca
hai) rnon bai s6 va Giai tich. Dé thi do Ban t8 chiic lua chon dua trén co
s& dé xudt tir cac doan ciing nhu tit cac chuyén gia do Ban t§ chiic moi. Ky
thi dugc t6 chitc trong hai budi. Ban chim thi bao gdm cac thay c6 gido din
doan. Khéng qua mdot nita sb thi sinh dudc trao giai, ty 16 giai nht-nhi-ba 1a
1-2-3.

Tuy nhién ky thi c6 mot nét khac biét c¢o ban so véi cac ky thi hoc sinh gibi
toan khéc. D6 13 nhitng hoc sinh & diy phan 16n khong phai 13 hoc sinh gidi
to4n ma 13 nhiing hoc sinh yéu toan. Chi c6 khodng 1/3 sb trudng tham du
Olympic ¢6 khoa toan tai trudng minh, ty 1é sinh vién du thi 1a sinh vién
chuyén nganh toan con thip hon. Va diéu dic biét, khong chi nhitng sinh
vién theo nganh toan méi 1a nhitng ngudi dat gidi cao nhét tai ky thi. Nam
2015 trong sb 6 sinh vién dat gidi dic biét c6 2 sinh vién khéng hoc theo
chuyén nganh toan hodc toan-tin, ndm 2014 ty 1é nay la 3/11.

Muc tiéu cta ky thi la ddong vién phong trao hoc toan trong cac truong dai
hoc va cao ding. Olympic khéng chi 13 cudc thi tim ra ngudi giéi nhat, ma
quan trong hon 14 noi tao ra cd hoi cho mbi ngusi du thi dude thuc hién khat

1. Bai viét ding trén Tap chi Tia sang (6/2015) va Ban tin Thong tin Toan hoc (6/2015)
2. Phé6 cht tich kiém Téng thu ky Hoi Todn hoc Viét Nam, Trudng ban t6 chitc Ky thi
Olympic Toan hoc Sinh vién Toan quoc lan thit 23 - Hué, 4/2015
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vong "nhanh hon, cao hon, xa hon", so tai v6i cac ban dé trude hét vuot 1én
chinh minh. C4c ban sinh vién tham gia ky thi vi niém say mé v6i mén toan.
Mong muén clia nhitng ngudi t6 chtic 13 1am sao cac ban sinh vién cé thé
chuyén niém say mé d6 thanh nhitng kién thtc. Nhitng kién thtc toan hoc,
phuong phép tu duy todn hoc chic chin sé 1a nhiing hanh trang c6 ich dbi
vGi sinh vién khi ra truong.

Sinh vién dang 1am bai thi. Ngudn: Internet

Ky thi con 13 co hoi d€ cac sinh vién trong toan quoc gap g0, glao luu, chia
sé kinh nghlem Ciing 13 co héi d€ ho tim hiéu thém vé mét mién dit méi.
Sau hai budi thi cing thing 13 nhiéu hoat déng chung, tham quan, du lich.
Pbi v6i da sb sinh vién, mién Trung lubn 1a manh dt méi la, cé nhiéu diéu
d€ kham pha. Vi thé, dudc tham du Olympic toan hoc sinh vién ludn 1 mong
mudn cta nhiéu sinh vién. Tai ky thi vita qua & Hué, mdot sinh vién trudng
Pai hoc Kinh té, Pai hoc Hué, khoe véi t6i "em tham du 14n nay 14 lan tha
tw, va cling 13 1an cudi, hé nay em tt nghiép rdi”.

Tuy véy, d€ ky thi 6 thé tdn tai va phat trién cho t6i ngay hém nay ciing c6
nhiéu khé khin phai vudt qua. Déng g6p to 16n nhét téi su thanh céng cta
ky thi 13 ctia cac thay cb gido tit cac trudng. Nhiéu thay cb gido di tham du
cac ky thi tir 1an dau tién cho t6i nay. Ho thuc sy 1a hat nhén clia phong trao
hoc toan tai trudng minh va c¢6 dong gop mang tinh quyét dinh cho su ton
tai cua Olympic toan hoc sinh vién toan quoc.

Nhiéu khi thuyet phuc duge ban giam hiéu nha truéng gti doan du thi khong
phai la chuyén dé dang C6 nhiing truong, khi mot thay hay co glao nghi huu,
nha trufdng khong ctt doan tham du Olympic todn hoc sinh vién nita. Nhiéu
thay c6 gido chia sé v6i chiing t6i "thi mo6t hai ndm ma khong co g1a1 nha
truong khéng cho di nita”. Tam ly chay theo thanh tich van con rét pho bién
trong déi ngii quan 1y gido duc. Ho chua hiéu, va chua mudn hiéu rang chit
luong diu ra cta sinh vién trudng minh méi 13 gia tri ¢6 y nghia nhat cho
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nha trudng, mang lai "thuong hiéu" cho nha trudng. Y nghia ctia viéc cit doan
tham du Olympic truée tién 1a d€ dong vién cac sinh vién tai trudng minh
tim hi€u siu hon vé toan hoc, qua d6 nang cao trinh dd ctia cic em.

Nhin tit géc d6 chuyén mén, Ban t& chitc Olympic hiéu ring cic khiu ra dé va
chim thi déng vai trd hét sitc quan trong. Chi c6 viéc ddm bao sy minh bach,
céng bang ctia ky thi méi mang lai uy tin cho ky thi, cho mbi giai thudng
dudc trao tai ky thi. Tuy nhién quan trong hon hét 14 ndi dung dé thi. Béi
thi thé nao thi hoc thé iy, Lam sao dé€ viéc hoc tip chuén bi cho ky thi 14 ¢
ich nhét cho méi sinh vién 14 suy nghi, trin tré 16n nhit ctia nhitng ngudi td
chtic. D6 cling la nhitng dinh huéng chinh cho cac ky thi Olympic toan hoc
sinh vién toan qubc trong nhitng nim téi.



THONG BAO
Ky thi Olympic Toan Sinh vién lan tha 24
Quy Nhon - 4/2016

1 Thong tin chung

Co quan t6 chiic
e B0 Giao duc va bao tao
e Lién hiép cac hoi khoa hoc va ki thuat Viét Nam
e Trung uong Hoi sinh vién Viét Nam
e Hoi Toan hoc Viét Nam
e bai hoc Quy Nhon
Thoi gian va dia diém
T 11-17/4/2016 tai Truong dai hoc Quy Nhon, 170 An Duong Vuong, thanh
pho Quy Nhon, Binh Dinh
Ban t6 chitc
Pong trudng ban: GS.TSKH. Phing Ho Hai (Hbi Toan hoc Viét Nam), GS.TS.
Nguyen Hong Anh (Pai hoc Quy Nhon)

Pho ban: Dai dién BO Giao Duc & Dao Tao, Dai dién TW Hoi Sinh vién Viét
Nam, GS.TSKH. Pham Thé Long (Ho6i Toan hoc Viét Nam), PGS.TS. Dinh
Thanh Dttc (Pai hoc Quy Nhon).

Uy vién: TS. Nguyén Thai Hoa (Pai hoc Quy Nhon), TS. Ngé LAm Xuén
Chau (bai hoc Quy Nhon), TS. Mai Thanh Tin (Pai hoc Quy Nhon), TS.
Doan Trung Cuong (Vién Toan hoc), TS. Lé Cuong (Pai hoc Bach khoa Ha
N6i), TS. Nguyén Chu Gia Vugng (Vién Toan hoc), TS. Nguyén Duy Thai Son
(Dai hoc Su pham ba Néng), TS. Ngé Qubc Anh (Pai hoc KHTN - PHQG Ha
Noi).

bang ky

Céc doan ding ky tham du truc tuyén tai trang web ctia Hbi Toan hoc Viét
Nam theo dia chi http://vms.org.vn (chon: Hoat déng/Olympic Toan Sinh
vién/Dang ky tham du).

Thoi gian dang ky: 15/1-15/3/2016.
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Chuong trinh

e Ngay 11/4/2015:
8h00: Cac doan déng ky. )
14h00: Hoi thao vé hoat dong huéng nghiép doi véi
hoc sinh gioi toan
e Ngay 12-15/4/2016: T6 chiic thi, chdm thi va xét giai
e Ngiy 16/4/2016: Téng két va trao giai

e Ngay 17/4/2016: Hbi thdo vé coéng tac chuin bi ky thi Olympic
sinh vién nam 2017.
Lién hé
Nhiing vAn dé can hé tré tit Pai hoc Quy Nhon (lién hé chd &, théng tin
khach san/nha khach, dia diém thi, dudng di, ..):
TS. Mai Thanh Tan

Email: mthanhtan@gmail.com
bién thoai: 01683677369

Nhitng vn dé vé t§ chtc chung
GS. TSKH. Phung Hb Hai
Email: olymtoansv@gmail.com
bién thoai: 0904134384

Céc théng tin vé ky thi déu dudc cip nhit trén trang web cta Hoi Toan hoc
Viét Nam tai dia chi httt://vms.org.vn

2 Dé cuong mon Dai sb va Giai tich

MON DAI SO
Phan I: SO PHUC VA DA THUC
1. Sb phtic, cac tinh chit co ban. Mb ta hinh hoc ctia sb phitc.

2. Da thitc mét bién: cdc phép toan clia da thiic, sb hoc caa da thic (phan
tich thanh nhén t, u6c chung 16n nhat, nguyén t6 cling nhau).

3. Nghiém cta da thtc, dinh 1y Bezout, dinh ly Viete, da thitc dbi xing*.
4. Bai toan xac dinh da thtic (ndi suy, phuong phap hé sb bét dinh,...)
Phén II: DAI SO TUYEN TINH
1. Hé phuong trinh tuyén tinh.

a. Hé phuong trinh tuyén tinh. Ma tran.
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b. Giai va bién luin hé phuong trinh tuyén tinh bang phuong phap khit
Gauss-Jordan.

c. Nghiém riéng va nghiém téng quat ctia hé phuong trinh tuyén tinh. Hé
phuong trinh tuyén tinh khéng suy bién.

d. Khéng gian nghiém ctia hé phuong trinh tuyén tinh thuin nhét.

. Ma tran va dinh thiic

a. Ma tran, cac phép toan ctua ma trin va mét so tinh chat co ban.
b. Hang ctia ma tran, cach tinh.

c. Ung dung ctia ma trin vao viéc nghién cttu hé phuong trinh tuyén tinh.
Dinh ly Kronecker-Capelli.

d. Dinh thite: dinh nghia (quy nap theo cap va theo phép thé), khai trién
Laplace, tinh chat ctia dinh thic, cdc phuong phap tinh dinh thiec.

e. Ma trén nghich dao, cac phuong phap tim ma trn nghich dao (phén
bu dai so bién déi so cap)

f. Ung dung cta dinh thtic vio viéc gidi hé phuong trinh tuyén tinh: Pinh
ly Cramer.
g. Ma tran ddng dang va tinh chéo héa dudc clia ma trin®.

h. M6t so dang ma tran dac biét: ma tran Vandermonde, ma tran doi
xiing, ma trin phan doi xing, ma trin Hermite, ma trn truc giao*.

Khong gian tuyén tinh va 4nh xa tuyén tinh.

a. binh nghia, khéng gian con, cac vi du lién quan t6i Dai s6, Giai tich.
b. Co s6 va sb chiéu.

c. Anh xa tuyén tinh, ma tran biéu dién.

d. Toan tit tuyén tinh, tri riéng, véc to riéng.

e. Da thiic dic trung, da thitc tbi thiéu, Dinh 1y Cayley-Hamilton*.

Phén I1I: TO HOP

ok W

. Chinh hop, t8 hop, tam giac Pascal, hé s6 nhi thc.

Céc quy tic dém co ban: quy tic cdng, quy tic nhan, nguyén ly bu tri.
Phan hoach ctia s6 tu nhién.

Nguyén ly quy nap, nguyén ly Dirichlet, nguyén ly cuc han.

Chudi l{iy thita hinh thitc. Ham sinh. Ung dung ctia ham sinh*.

TAI LIEU

1.

Lé Tuan Hoa: Dai sb tuyén tinh qua cac vi du va bai tdp, NXB PHQG Ha
N6i, 2006.
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2. Nguyén Hitu Viét Hung: Dai s tuyén tinh, NXB PHQG Ha Nbi, 2000.
3. V. Prasolov: Polynomials, Springer, 2004.

4. K. H. Rosen, Discrete Mathematics and Its Applications, Ban dich tiéng

5.

Viét: Toan hoc rdi rac va Ung dung trong tin hoc, NXB Gi4o duc, Ha Noi,
2007.

Ngb Viét Trung: Dai sb tuyén tinh, NXB PHQG Ha Néi, 2002.

Ghi cha: Cdc néi dung 6 ddu * danh cho sinh vién du thi bdng A.

MON GIAI TiCH
Phén I: DAY SO VA HAM SO

1
2
3
4
5

6
7

. D3y héi tu, ddy don diéu, day bi chin, diy dan ra vé cuc.

. Céc tinh chit va phép toan vé diy héi tu.

. Tim gi6i han ctia diy sd.

. Ham don diéu, ham bi chan, ham tuAn hoan, ham chén va ham 1é, ham
nguac.

. Gi6i han cta ham sb6.

. Tinh lién tuc, cac tinh chit ctia ham lién tuc.

. Ham 151, bat dang thtc Jensen*.

Phén II: GIAI TICH TREN HAM MOT BIEN

1

2

. Phép tinh vi phan ham mot bién.
a. binh nghia va cac phép toan vé dao ham.
b. Cac dinh ly cta Fermat, Rolle, Lagrange, Cauchy, THopital.
c. Cong thtic Taylor, cong thitc Maclaurin.
d. Cuc tri, gia tri 16n nhit va gia tri bé nhit clia ham sb.
e. Ham 15i kha vi*.
. Phép tinh tich phan ham mot bién.
a. Nguyén ham va tich phén b4t dinh.
b. Céc phuong phap tinh tich phan bit dinh.
c. Tich phan cac ham hitu ty, ham vo ty, ham lugng giac.
d. Dinh nghia va cac phuong phap tinh tich phan xac dinh, tinh kha tich.
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e.

=BT

[y

Dinh 1y co ban ctia phép tinh vi tich phin (dao ham cta tich phan xac
dinh theo cin cta tich phan, cong thitc Newton-Leibniz).

Tich phén phu thudc tham sb.
Cac dinh Iy vé trung binh tich phén.
BAt dang thitc tich phan.

Su hoi tu va phan ky clia tich phan suy rong, cac tiéu chudn so sanh
d6i véi tich phan ctia ham duong*.

3. Chuoi s0, day ham va chuo6i ham.

a.

Re A N » A geA PN A \ A
Chuoi so, tiéu chuan Cauchy vé diéu kién can va da cho su hoi tu ciia
chuoi*.

Céc tiéu chudn so sanh, tiéu chudn tich phan (Cauchy), tiéu chudn doi
vGi chuoi dan dau (Leibniz), hoi tu tuyét doi va hoi tu co diéu kién,
tiéu chuan can thitc (Cauchy), tiéu chuén ti s6 (D’Alembert)*.

Céc tiéu chudn hdi tu Abel, Dirichlet*.

Chudi liiy thira*.

Tiéu chuén héi tu déu cho diy ham va chubi ham mét bién, cic tinh
chat co ban cua day ham va chu6i ham héi tu déu*.

Phén III: KHONG GIAN METRIC*

1. Khong gian metric.

2. Top6 trén khong gian metric.

3. Anh xa lién tuc, ding cu, dong phoi.

4. Cac tinh chét diy dd, compact, lién thong.

TAI LIEU

1. J. Dieudonné, Co sé gidi tich hién dai (Phan Dtic Chinh dich, tip 1), NXB
PH&THCN, 1978.

2. G.M. Fichtengon, Co sé gidi tich todn hoc, NXB DH&THCN, 1986.

3. WA.J. Kosmala, A friendly introduction to analysis, Pearson Prentice Hall,
2004.

4. Nguyén Xuan Liém, Gidi tich todn hoc, NXB Gido duc, 1997.
5. Nguyén Duy Tién, Bai gidng gidi tich, NXB DPHQG Ha Nbi, 2005.

Ghi chit: Cdc néi dung ¢é ddu * danh cho sinh vién du thi bdng A.
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Phan II

DE THI

17






DE THI CHINH THUC

1 DAISO

Thoi gian lam bai: 180 phuit.

- Sinh vién du thi Bang B lam cac bai 1, 2, 3, 4, 5.
- Sinh vién du thi Bang A lam cac bai 3, 4, 5, 6, 7.

Bai 1. Cho «, 3,7 la cac nghiém cta phuong trinh 23 — 2015z + 4 = 0. Hay
tim hang ma tran sau:
a [ v
A=|~v a 0
B v o«a

Bai 2. Cho V 1a mét khéng gian véc to thuc 6 sb chiéu bang 2015 va W c V
la mo6t khong gian con ¢6 so chiéu bang 2014. Chiing minh rang ton tai mot
o s6 ctia V ma khong cé véc to nao nam trong W.

Bai 3. Ky hiéu R[X] 1a khéng gian cac da thitc mot bién v6i hé sb thuc,
D : R[X] — R[X] la toan ti dao ham:

D: f(X) = f1(X).

Chitng minh rang khong ton tai mét anh xa R-tuyén tinh d : R[X] — R[X]
sao cho
d* = D.

Bai 4. Gia st mbi diém trong mit phing dudc té bang mot trong hai mau,
xanh hodc d6. Chiing minh rang luén ton tai mot hinh chit nhét ¢ cac dinh
cung mau.

Bai 5. V6i méi s6 tu nhién n ky hiéu

(i) ::L’(x—l)..ﬁ!(a:—n%—l); <g) .
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a) Chitng minh rang v6i moi da thitc P(z) bac n ludn ton tai cic hé sb
o, - .., Cn Sao cho

P =) +al,” )+ tan(]) +a

b) Cho (a,),n =0,1,...1a mot day s6 thuc. Gia thiét ring v6i moin > 0, ta

co
2015

S (-1 (20;5) =0,

=0

Chitng minh rang ton tai da thitc P(z) théda man P(n) = a, v6i moi n > 0.

Bai 6. Bach Tuyét chia 3 lit sita vao cbc ctia bay chi lun. Trudce bita dn, cic
chtt Itn choi mét tro choi nhu sau: Chi lun th nhét chia déu tit ca sita cla
minh vao cbc ctia sdu chi lun con lai (cbe ctia chi khoéng con sita nita). Tiép
theo, chil lun thit hai ciing chia déu tit ca sita dang c6 trong cbc ctia minh
vao cbe clia sau chi con lai. Cac chi lun khéc ciing 14an lugt lam nhu vAy. Sau
khi cht Iun thi bay chia déu tt ca sita ctia minh vao cbe ctia sau chi lun kia,
moi ngudi nhan thiy trong cbc ctia mbi chi luong sita bing ding véi luong
stta ban d4u Bach Tuyét chia cho. Héi ban ddu méi chd lun dugc chia cho
bao nhiéu lit stta?

Bai 7. Khoa hoc vé Xay dung Céu lac b6 co tAt ca n sinh vién. Thiy gido yeu
ciu cac sinh vién cta 16p thanh 14p mét sb cac ciu lac bo theo nguyén tic
sau:

— Céc cu lac bd chi gdm cac thanh vién 14 cac ban sinh vién cta khoda hoc;
— MB&i cdu lac bd c6 mdt sb 1é thanh vién;

— Hai c4u lac b6 khac nhau ludn c6 mot sb chin cac thanh vién chung.

Ta danh sb cac ban hoc sinh t 1 dén n va goi C, ..., C,, 1 cic ciu lac bd
dugc tao ra. Ki hiéu A € M,,,, 1a ma tran cho béi

1 néu sinh vién j thudc cau lac bd C;
Qij = A .
Y 0 néu ngudc lai

1. Chting minh ring ma trin AA' ¢6 dinh thic 12 mot sb nguyén 1é (A* ki
hiéu ma trdn chuyén vi ca A).

2. Chitng minh riang m < n, nghia la khéng thé xay dung dudc qua n ciu
lac b théa man diéu kién dé bai.
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2 GIAI TICH

Thoi gian lam bai: 180 phit.

2.1 Bang A
Bai 1. Cho diy sb (a,) dudc xac dinh béi cong thitc truy hbi:
20511 —2a, +a2 =0, n=0,1,2, ...

1. Chting minh rang (a,) 1a mét diy don diéu.
2. Biét ap = 1, hay tim lim a,,.

n—oo
3. Tim diéu kién ctia ay d€ day (a,) c6 gi6i han hitu han. Trong trusng hop
nay, hay tim lim na,.

n—oo

Bai 2. Cho o, § 12 hai sb thuc bt ky ma |a| # |8|. Tim tt cd cic ham
f:R — R lién tuc tai 0 va théa man phuong trinh

flaz) = f(Bz) + 2”

v6i moi z € R. C6 ton tai ham f théa man cac diéu kién noi trén khéng néu

ol = |87

Bai 3. Cho f la mot ham nhan gia tri thuc, xac dinh va lién tuc trén [0,1].
Chitng minh rang ton tai cac sb 21, 22, 25 € (0,1) sao cho

f(a1) N f(x2)

4y 623

= f(x3).
Bai 4. Cho f : [0,00) — [0, 00) 13 m6t ham lién tuc. Biét ring ton tai giéi han

lim f(x) / W) dt = a € (0,00),

Tr—00
hay tim lim, ., V2 f(z).

Bai 5. Cho (a,) 12 mot diy don diéu gidm, khong 4m, sao cho chudi 3 a,

n=1

\ ~ o ~ A
hoéi tu. Chttng minh rang chuoi > n(a, — a,.1) cing hoi tu.
n=1
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2.2 BangB

Bai 1. Cho diy sb (a,) dudc xac dinh béi cong thitc truy hbi:
20,11 —2a, +a2=0,n=0,1,2, ...

1. Chung minh rang (a,) 1a mot diy don diéu.
2. Biét ag = 1, hay tim lim a,,.

n—oo
3. Tim diéu kién ctia a, dé day (a,) c6 giéi han hitu han. Trong trudng hop
nay, hay tim lim na,,.
n—oo

Bai 2. V6i mbi sb thuc a # +1, tim tit ci cdc ham f : R — R lién tuc tai 0
sao cho
flaz) = f(z)+2* VzeR

C6 ton tai ham f thda mén cac diéu kién néi trén khong néu a = +17?
Bai 3. Cho f : [0,1] — R 13 mét ham kha vi lién tuc. Chitng minh rang ton

tai cac so x1, 22, 23 € (0,1) sao cho

f'(x1) | ['(22)
474 + 623

= f’($3)'

Bai 4. Cho f : [0,1] — (—o0,1] 13 mot ham lién tuc, théa mén diéu kién
[} f(z) dz = 0. Chting minh réng

1 5 1
| ey

Bai 5. Cho [ : [0, 4+00) — (0, 400) 1a mot ham lién tuc. Dat

g(x) =/ f(x) /Ow %dt Va>0.

Chitng minh rang ham ¢ khong thé bi chin trén [0, +-00).



CAC BAI DE XUAT: DAI SO

1 MA TRAN

Bai 1.1 (HV An ninh Nhan dan). Cho ma trin thuc A vudng cp n thod méan
APl = Av6i p € N,p > 2. Chiing minh rang:

1. rank(A) + rank(Z,, — A?) =n..

2. rank(l,, — A) = rank(I, — A%) = ... = rank(J,, — A"~') néu p 1a s6 nguyén

to.

Bai 1.2 (PH Dong Thap). Cho A l1a ma tran vuong. Téng cac phan td trén
dudng chéo chinh ctia A dugc goi la vét clia ma tran A, ki hiéu tr(A). Chling
minh rang néu A la ma tran liiy linh thi vét cta trace(A) = 0.

Bai 1.3 (PH bdong Thap). Cho A 1a ma trdn vudng. Téng cic phan td trén
dudng chéo chinh ctia A dudc goi 13 vét clia ma trn A, ki hiéu trace(A).
Chitng minh rang v6i moi ma trdn vudng A, B ta ludn cé trace(AB) =
trace(BA). Ung dung tinh trace(A24) biét:

3¢ 0 —a
A=1 0 6a 0
—a 0 3a

Bai 1.4 (PH bdng Thap). Trong khéng gian M, (RR) cac ma trin vudng cap 2
hé s6 thuc. Chitng minh rang v6i moi A, B € M,(R) thi ma trdn (AB — BA)?
giao hoan v6i moi ma tran trong M, (R).

Bai 1.5 (DH Hai Phong). Cho A, B 14 cdc ma trn vudng cip n, trong d6 ma
trAn A kha nghich va thda man céc diéu kién

A? + B = BAva B = (.
Chitng minh ma tran A?°> + B2015 kha nghich.

Bai 1.6 (bH Khoa hoc Hue) Cho A la mét ma tran dbi xtng thuc vuong cap
n. Chitng minh rang néu c6 sd nguyén duong k sao cho A¥ = 0 thi A = 0.

Bai 1.7 (PH Khoa hoc Hué). Tinh A", v6i n 13 sb nguyén duong va ma trin

(1)
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Bai 1.8 (DH Ky thuét Hau cAn CAND). Cho A, B 1a hai ma trin vubng ciing
cap. Tt ABAB = 0 liéu c6 suy ra dugc BABA = 0 hay khong? Giai thich.

Ba1 1.9 (DH Ky thuat Hau cAn CAND). Cho biét A, B 1a cac ma tran vuong
cap 2 v6i phan tit nguyén sao cho A4, A+B,A+2B,A+3B, A+4B kha nghich
va cac ma tran kha ngh1ch nay ciing cé tit ca cac phin ti déu nguyen Chung
minh rang A+ 5B ciing kha nghich va ma trin nghich do c6 tit ca cac phan
t& nguyén.

Bai 1.10 (HV Ky thuat Quan su). Gia st A, B, C 14 cic ma trin d6i xing cip
ntrén R, trong d6 A > O, B < C'. Chiing minh rang trace(AB) < trace(AC).

Bai 1.11 (PH Pham Vin Déng). Cho ma trdn vuéng cap 10

(0 1.0 0 - 0]
0 0 1 0 -~ 0
0 0 0 1 - 0
0 00 0 - 1
1 0 0 0 - 0]

Tinh A2015.

Bai 1.12 (PH Quéng Binh). Cho A 14 ma trin vuéng cip n va iy linh. Chting
minh rang v6i moi ma tran B sao cho AB = A thirank(A+ B) = rank(A—B).

Bai 1.13 (PH Quang Binh). Cho A la ma trén:
1 00

—4 2

-2 0

2 0

e}

3
A= 1
0

— N

dit A2055 = (b,,). Chitng minh ring by < 10.22%% — 14.2015 — 6.2015.2014.

Bai 1.14 (DH Su pham Ha Néi 2). Cho hai ma trdn P, Q € Mat(n,R) sao cho
P? +27P 4+ 1821, = 0,Q* + 29Q) + 210I,, = 0 va ma trdn P + Q + 281, 1a ma
trAn kha nghich. Khi dé:

rank(P + 141,,) = rank(Q + 151,,).
Bai 1.15 (DPH Su pham Hué). Cho c4c ma trin:

1 -2 0 a+1 b —c
A=12 3 -—-1]|,B= 2b —a b—2
0 -7 1 c 2c—1 2a

Tim diéu kién ctda a, b, c dé ton tai ma trAn X thoa man A.X = B.
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Bai 1.16 (DH Su pham Hue) Cho A, B € Mat,(R) théa mén A*B + BA® =
2ABA. Chitng minh ring ton tai s6 nguyén duong m sao cho (AB — BA)™
0.

Bai 1.17 (PH Tan Trao). Cho A la ma trn vudng cap n trén trudng sb thuc.
Chiing té A 1a kha nghich va tim A~! néu

o11--- 11
1 1 --- 11
|t
111 .- 01
111 .---120

Bai 1.18 (DPH Tan Trao). Cho A, B la cac ma trén vudng cAp n trén trudng
R. Chttng minh rang: néu BA — AB la ma trdn kha nghich thi n chia hét cho
3.

Bai 1.19 (PH Tay Bic). Cho «, 8,7 1a cic nghiém clia phuong trinh 2 —
20152 + 4 = 0. Hay tim hang ctia ma trdn sau

a f v

A=|~v a 0

gy oo
[ 2 01 111
Bai 1.20 (DH T4y Bic). ChocacmatrdinA=| 1 1 0 |;P=|1 0 0
-1 1 3 010

1. Tim P! va tinh P~1AP.
2. Tinh A" (v6in 1a sb nguyén duong)

Bai 1.21 (DH Tay Béc). Cho A, B € Mat(2,R) théa mén Trace(AB) # 0 va
(AB)? = oI trong d6 « la sb thlIC khac 0 cho truée, I € Mat(2,R) la ma
trin don vi. Chiing minh rang AB = BA.

Bai 1.22 (PH T4y Bic). Cho n > 0. Chitng minh rang néu A, B € Mat(n,R)
théa man AB — BA = A thi A*B — BAF = kA*;Vk € N* va A la lay linh.

Bai 1.23 (PH T4y Bic). Cho n 1a sé nguyén duong. Chting minh rang
(a) Lubn ton tai A € Mat(n, R) théa man dang thic:

A® 4+ 3A = I (trong d6I € Mat(n,R) 1a ma tran don vi).

(b) Néu A € Mat(n, R) thda man dang thiic A* + 34 = I thi detA > 0.
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2 PINH THUC

Bai 2.1 (DH An Giang). Tinh dinh thic cAp n clia ma trin sau trén R:

[ —(a+1) 1 0 0 0 ]
a —(a+2) 2 0 0
0 a —(a+3) 0 0
A= : . : : .
0 0 0 —(a+n-1) n-1
0 0 0 a —(a+mn)

Bai 2.2 (HV An ninh Nhan dén). Cho ma tran thuc A vubng cp n véi
rank(A) = 1. Ching t6 rang det(l,, + A) = 1 + trace(A).

Bai 2.3 (HV An ninh Nhan dan). Cho ma tran thuc A vudng cp n phan dbi
xting (ttic 1a A* = —A). Chitng minh rang det(I 4+ a.A%) > 0 v6i moi s6 thuc
a.

Bai 2.4 (BTC). Cho sb tu nhién n va cac sb thuc a4, ..., a,. Tinh dinh thic

(5) (")
)

() e ()
() () ()
trong d6 v6i mbi sb thuc a va sb tu nhién k, ta dit

(Z) _ a(a—l)..].{:!(a—k:%—l)’ (g) .

Bai 2.5 (BTC). Cho cac ma tran thuc vuéng A, B ¢6 ¢6 n x n. Chiing minh
rang

ar1+n—1

(a) 'g — |A+iB|.|A —iB|. O day i 1a s6 phitc théa méin 2 = —1.

(b) Pinh thitc ma trin khéi trén 1a mot sb thuc khéng Am.

Bai 2. 6 (BTC) Cho sb6 nguyén duong n. Ki hiéu Si,..., Sy._; cac tdp con
khéc réng clia {1 2,...,n} (duge danh chi s6 theo mot thit tu nao do). Ki
hiéu A ma tran cap 2” — 1 v6i cac hé s6 duge cho bdi a;; = 1 néu ;N S; # 0
va bang 0 néu S; N S; = . Tinh dinh thitc detA.
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Bai 2.7 (PH Dong Thap). Khéng tinh ra két qua dinh thitc hiy chitng minh
rang:

1 a a® ot 1 a a® o
1 b b b 1 b b b
1 ¢ & ¢ :(a+b+c+d)1 c 2 A
1 d & d* 1 d &% &

Bai 2.8 (PH Hai Phong). Cho 4, B, C, D 14 cic ma trin vudng thuc cip n,
trong d6 AC' = C'A. Chiing minh rang

detM = det(AD — CB),

trongd(')M:<é1 g)

Bai 2.9 (PH Khoa hoc Hué). Cho A = (a;;) 1a ma tran vuéng cip n x4c dinh
béi

5 néui= Js
2 néui=j+1,
Qij = Ao - .
3 neur=j—1,
0 néuig¢{jj+1j—1}
1. Tim dinh thitc cia ma trin A.
T 8
i) 10
i pa . T3 10
2. Giai hé phuong trinh A . =1 .
Tn—1 10
T, 7

Bai 2.10 (DH Pham Van Déng). Tinh dinh thiic

1 0 0 0 0
2014 = 2 0 0 0
0 2013 =z 3 0 0
Daois() = | 0 2012 =z 0 0
O 0 0 0 -1 =z

Bai 2.11 (PH Su pham Ha N6i 2). Cho A 13 ma trin vudng cip n trén trudng
sO thuc bat ki. Chttng minh rang:

det(AAT +161,) > 2*".
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Bai 2.12 (PH Tan Trao). Cho a;; = (z; +y;)", 0 < i,j < n. Chitng minh rﬁng

dertag) = (-1 (7) () -+ (2) Ttos = 20— )

j<i

Bai 2.13 (DH Tay Bic). Cho cic ma tran
0 a b c 0 1 12 12
IS
c b a 0 1 v a® 0

(a) Chting minh ring v6i moi sb thuc a, b, ¢ khac 0 ta luén c6 detA = detB.

(b) Néu a,b,c 14 d6 dai cac canh ctia mot tam gidc thi detA < 0.

3 HE PHUONG TRINH TUYEN TINH

Bai 3.1 (bH Déng Thap). Cho a;;,1 < i <t,1 < j < nlacac sb nguyeén
duong. Chitng minh ring ton tai cac s6 hitu tf wy, wo, ..., w,.; thda man hé
phuong trinh:

1 = wy + we + ... +w,
w; = ajjuwq —+ a12Wo 4+ ...+ A1pWp
W = QW1 + Qpws + ... + ap,w,

Bai 3.2 (PH Khoa hoc Hué). Giai hé phuong trinh sau trén C
TH+y+z =1
TYz =1
2] =yl = [z =1

Bai 3.3 (DH Su pham Ha No6i 2). Giai hé phuong trinh sau:

( 1
T + 22$2 + 4.+ 20142014$2014 = ﬂlj
2 2014 1
2[[)1 + 3 i) —|— + —|— 2015 2014 — ﬁ[[)g
2 2014 1
201427 + 2015°z9 + ...+ 4027 Too1a = ﬂszM
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Bai 3.4 (DH Su pham Hué). Chitng minh hé phuong trinh tuyén tinh

ar; + bxy + cx3s + dra = a
—bry 4+ axry + drs — cry = b
—cr1 — dry 4+ ars + bry = c
—dxry + cra — brs + axry = d

c6 nghiém véi moi a, b, ¢, d.

Bai 3.5 (PH Tan Trao). Giai phufdng tr1nh X? =1, trong do I, la ma tran
don vi cAp 4 va X 13 ma trdn vudng, cp 4 trén trudng sb phitc C,

a b b c
b a c b

X = b e oa b ,(a,b,c € C).
c b b a

4 KHONG GIAN VEC TO VA ANH XA TUYEN TINH

Bai 4.1 (DH An Giang). Ky hiéu Map(R, R), tp hop tt cd cac anh xa ti R
dén R, 13 mét khong glan vector thuc dbi véi phép cong va phép nhan vo
huéng. Cho n la so nguyén duong va dat F, la tdp hdp cacanhxa f : R - R

xac dinh béi f(z) = ag + Y (ax cos kx + by sin kz) trong d6 a;,b; € R v6i moi
k=1

i. Chiing minh E,, 1a khong gian con cia Map(R,R) va 2n + 1 anh xa z ~ 1,

x> coskx, x — sinkz (k=1,2,...,n) l1ap thanh mot co sé cta E,,.

Bai 4.2 (PH An G1ang) Cho K la mét tru’dng va K11 (2] 1a khong gian vector
clia cac da thitc c6 bac nhé hon hodc bang n trén K. Anh xa ¢ : K, 1[z] —
Ko a[z] duge cho béi o(f (x)) = f(x + 1) v6i f(x) € Knyalz].

(a) Chitng minh ¢ 13 mét todn tt tuyén tinh.
(b) Tim ma tran biéu dién ctia ¢ theo co 56 S = {1,z,22, ..., 2"} clia K,,.1[z].
(c) Tim da thic déc trung va da thic cuc tiéu cla Q.

Bai 4.3 (BTC). Cho f : R? — R? 4nh xa tuyén tinh sao cho ma trin trong co
s chinh tac dude cho bdi

-2 1 1
8§ 1 =5
4 3 =3

Xac dinh cac khong gian con ctia R? 6n dinh duéi f (nghiala f(W) C W).
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Bai 4.4 (DH K§ thu4t Hau cAn CAND). Cho v, 1a vector 0 ctia R”. Cho v; € R”
1a cac vector sao cho chuan Euclide |v; — v;| la cac so hitu ti v6i 0 < 4,5 < n.
Chtng minh rang, cac vector vy, vo, - - - , v,,1 phu thudc tuyén tinh trén Q.

Bai 4.5 (PH Ky thuit Hiu cdn CAND). Cho A = (@ij)nxn 1a ma tran vuong
cAp n trén trudng s thuc. Ta goi sé dudce xac dinh bdi cong thiic trace(A) =
apy + agg + -+ - + apy 12 vét clia ma trin A. Trong khong gian M (n,R) cac ma
trin vudng cip n, cho V 1a mét khong gian véc to con thda man diéu kién
v6i moi ma tran X, Y € V, trace(XY) = 0.

Hay tim gid tri 16n nhét ctia dim V.

Bai 4.6 (DH Pham Védn Dong). Goi P, 1a khong gian véc to cac da thic véi
hé so6 thuc ¢6 bic nhd hon hodc bang n

P, = {p(z) = ap + a1z + agx® + - - + a,2",a; ER, Vi =0,1,...,n}.

a. Chting minh rang B, = {1,z,22,...,2"} 12 mot co sé trong P,,.
b. Xét anh xa f : P, — IP,,.; xac dinh bdi

Tim ma trin cta anh xa tuyén tinh f dbi v6i co sd B, trong P,, v ¢0 s8 By
trong P, ;.

Bai 4.7 (DH Su pham Ha N¢i 2). Cho A € Mat(n, R) la ma tran liy linh cip
k. Chting minh rang:

1) Hé cac ma trin {I,,, A, ..., A*~1} 1a d6c 1ap tuyén tinh.

2) rank(A + A% + ... + A1) = rank(A + A2 + ... + A1),

Bai 4.8 (DH Tay Bic). Cho V 1a khoéng gian vecto hitu han chiéu trén trudng
so thucva f : V — V la anh xa tuyén tinh théa man f? = f. Chitng minh
rang V = Im f @ ker f.

5 GIA TRI RIENG VA VEC TO RIENG

Bai 5.1 (DH An Giang). (a) Tim cdc vector riéng va gia tri riéng ctia toan ti
tuyén tinh sau trén R3

(b) Cho V' la khong gian vector hu’u han chiéu trén K va ® la mot toan tu
tuyen tinh trén V' sao cho gp — Idy. Chiing minh rang tng cac gia tri
riéng ctia ¢ 13 mét sb nguyén.
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Bai 5.2 (BTC). Cho ma tran thuc vudng M ¢8 n x n. Gia st ¢6 hai sb thuc
¢ # d sao cho (M — I,,)(M — 2I,)) = 0. Chting minh rang M chéo héa dugc
va tim ma tran duong chéo dong dang vé6i M.

Bai 5.3 (BTC). Cho ma tran dbi xung thuc M = (a;;)nxn VOi cac gid tri riéng
cia M1a <)X <...< )\, V6imoivéc to v = (z1,...,2,) # 0, dit

vl Av

vy

pu(v) =

(i) Chtng minh rﬁng A1 < pu(v) <\, v6i moi véc to v # 0.
(i) Xét ma trén vudng con N = (a;j); ;=12 €6 2 X 2 ctia M. Gia st cac gia
tri riéng ctia N 14 pu; < pip. Chitng minh rang
At < pp < g < A

Bai 5.4 (DH Pham Vén bbng). Cho A 1a ma trin vubng cip n. Ching minh
rang néu A* + E =0 (trong d6 £ la ma tran don vi cap n) thi A khong 6 gia
tri riéng la so thuc.

Bai 5.5 (PH Su pham Hué). Cho A 13 ma trin vudng cip n hé sb thuc nhu
sau:

ay b1 0 o --- 0 0
bl Q9 b2 0o --- 0 0
I
0O 0 0 0 - apq1 by
0 0 0 0 - by1 apn

Gia st b; # 0, v6i moi i. Chitng minh rang A c6 n gia tri riéng phan biét.

6 DA THUC

Bai 6.1 (PH An Giang). (a) Cho da thitc ¢6 dang p(z) = 2°+2* — 923 +az?+
br + ¢ € R[z]. Hiy xac dinh da thtic p(z) biét rang p(x) chia hét cho da
thic (z — 2)(x + 2)(x + 3).

(b) Gia st zq, zs la cac ngh1em cua phu’dng trinh bac hai x —6x+1=0.
Chung minh rang v6i moi s6 k, tdng S = z* + 2% 1a mot s6 nguyén khong
chia hét cho 5.

Bai 6.2 (BTC, DH Su pham Hué). Cho da thtic v6i hé sb thuc P(x) thdéa man
P(z) > 0 v6i moi z € R. Chting minh ring c6 hai da thiic hé sb thuc H(z) va
K (x) théa man

P(z) = H(z)* + K(x)%
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Béj 6.3 (BTC). Chon + 1 sb phtc zg, 21, . .., z, d6i mét khac nhau véi tinh
chat: v6i moi da thtc f ( ) € C[X ] v6i bac < n — 1, gia tri clia f tai z, bang

trung binh céng ctia cac gia tri ca f tai cac diém e 2o Chu’ng minh
rang trong mit phang phtc, zi, ...z, 12 cic dinh clia mét da gidc déu véi
tam 20

Bai 6.4 (DH Dong Thap). V6i méi s6 phitc z = a + ib trén trudng sb phtc C,
lién hop cta z la so phtc z = a — ib. Chiing minh rang néu f(z ) 1a da thic hé
s6 thuc béc 16n hon 1 nhén z lam nghiém thi no6 cling nhan z lam nghiém.

Bai 6.5 (DH Hai Phong). Cho a,b,c 1a cac sb hitu ti, trong d6 ¢ # 0. Goi
x1, T, x3 1a cac nghiém thuc cta da thiic

P(z) = 2% + ax® + bx + c.

; . Y A L1 o A~ , \ ~ N s A
Chitng minh rang néu — la s6 httu ti khac —1 thi z1, 25, 23 cling 1a cac so
T2

httu ti.

Bai 6.6 (DH Khoa hoc Hué). Cho S va g la hai da thic hé so hu’u ty bat kha
quy trén Q va c6 hé sb bac cao nhét bang 1. Chting minh ring néu f va g c¢6
mot nghiém phtic chung thi f = g.

Bai 6.7 (DH Pham Van Dong). Cho a 14 sb nguyén 18 va by, b, - - , b, 13 cac
s6 nguyén sao cho b; + by + -+ + b, 1é. Chitng minh rang da thic P(z) =
ax™™ + bia"™ + -+ + b,z + a khéng c6 nghiém hitu ti.

Bai 6.8 (PH Pham Vin Pong). Trong vanh da thitc R[z] cho da thiic

z(x—=0b)(r—c) xz(xr—c)(r—a) N z(x —a)(x—0b)

PO a0 T3l —a)  de—ae D

v6i a,b,c € R* d6i mot khac nhau. Ching minh ring ton tai sb m € R sao
cho
P(z) =m(x —a)(z —b)(z — ¢) + 1.

Bai 6.9 (DH Su pham Ha Ndi 2). X4c dinh tit ca cac da thitc v6i hé sb thuc
P(x) sao cho

P(z)* —2=2P(22* — 1).
Bai 6.10 (PH Su pham Hué). Cho m, n 13 cac sb nguyén duong. Chting minh

rang diéu kién cin va di d€ da thitc 2™ + 2™ + 1 chia hét cho 2% + = + 1 13
mn — 2 chia het cho 3.

Bai 6.11 (PH Su pham Hue) Cho da thic f(r) € R[z| théoa man f(z) >
0,Vz € R. Chitng minh rang ton tai cic da thtc fi(z), fo(z) € R[z] thdéa man

f() fi(@)? + falz)?.
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Bai 6.12 (PH Tan Trao). Cho hai da thic p(z) = 2° + z va ¢(z) = 2° + 2,
Tim tat ca cac cap so phic w, z, w # z thdéa man p(w) = p(2), ¢(w) = q(z).

Bai 6.13 (PH Tay Bac). (a) Cho da thitc f(z) = 42® + ax? + bx + ¢ trong d6
a, b, cla cac so thuc. Hay tim a, b, ¢ sao cho | f(z)| < 1 v6i moi x thoa man
lz| < 1.

(b) Cho da thtc f(x) = x”—i—an,lxn_} +...+a1x +ag, v6i cac hé sb a; € Z,i =
0,...,n —1). Chiing minh rang neéu r = a + b2, a,b € Q, 1a nghiém ctia
f(z) thi a va b 1a cac s6 nguyén.

Bai 6.14 (DH Tay Bic). 1. Tim tit ca cac da thic f(z) v6i hé sb nguyén
sao cho f(v/2++/3) = 0.

2. Cho da thtc g(z) = 2* + ma® + na?® + pr + q v6i m,n,p,q 1la cac
hing s6 thuc. Gia st rang g(1) = 10,¢(2) = 20,¢(3) = 30. Hay tinh
9(12) + g(=8)

10 ‘

7 TO HOP

Bai 7.1 (PH An Giang). Gia st mbi diém trong mat phang dudc to bang mot
trong hai mau xanh hodc dé. Chiing minh rang luén tén tai mot hinh chit
nhét c6 cac dinh cing mau.

Bai 7.2 (PH Quang Binh). Trong mot tro chdi dinh thite: Cho ma trén A la
ma tran Vuong cap 3 chua dién gia tri. C6 hai game thu choi, game thu sO 1
chi duoc diém sb nguyén lé vao ma trin va game thu s6 hai chi duagc dién sb
nguyén chin vao ma trin. Hai game tht choi xen ké nhau, game tht sb 1 di
trude va e nhu thé cho dén khi ma trdn A dudce dién diy di cac phan t.
Néu det A 12 sb 1é thi game th{ thit nhét thing, néu det A 14 s6 chin thi game
tht sb hai thing. Gia st ca hai game tha déu dua ra chién thuét choi tbi uu
nhét. Ban hiy cho biét game tht nao sé ludén thing? Vi sao?

Bai 7.3 (DH Su pham Ha No6i 2). Phuong trinh x; + x5 + 23 + 24 = 20 c6 bao
nhiéu nghiém nguyén duong?

Bai 7.4 (DH Tan Trao). Chiing minh rﬁ”lng: véimoi 0 <n € N:

() -2 )



CAC BAI DE XUAT: GIAI TicH

1 DAY SO

N\ o . ~ 14 . 2. 1
Bai 1.1 (PH An Giang). Cho day (a,) xac dinh béi ay = 5 Gni1 = n = a?.

Chting minh riang lim na, = 1.

n—oo

Bai 1.2 (HV An Ninh). Cho cac day sb (a,) va (b,) thod man cac diéu kién
sau

lim (a, +b,) =0, lim (a?*™ — p2*1) =0
n—oo n—oo

v6i k 14 sb nguyén khéng 4m ndo dé. Chling minh ring

lim a, = lim b, =0
n—oo n—0o0

Bai 1.3 (PH Bach Khoa Thanh ph6 Hb Chi Minh). Cho day sb {u, }>°, xac

. 2n)!

dinh bési u, — 2

(n!)

a) Chitng minh rang u,, chia hét cho n + 1 v6i moi n € N*.
b) Tim lim %

n—oo

Bai 1.4 (HV Cong nghé Buu chinh Vién théng). Cho diy sb

1 2 k
= —+ =44+ ——— Vk=1 2 ..2014.

Tim giéi han

I'=lim {/a7 + a5+ + 2y

n—00
Bai 1.5 (DH béng Thap). Tim lim a, v6i (a,) 13 ddy sb xac dinh béi
n—oo
1 1 . .
ag =1, a; = 2015, a, = <1 — —>an_1 + —a,_o VOl Mol n > 2.
n n

Bai 1.6 (PH Hung Vuong Phii Tho). Cho day sb {x,} xac dinh béi
r1 = ;2,41 = 20141n(22 4 2015%) — 2015%,¥n > 1.

Chitng minh rang day {z,} hi tu.
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Bai 1.7 (PH Khoa Hoc Hué). Cho day s6 thuc (an), v6i a; = 2015, a,11 =
az—2,n>1.
a) Goi p, ¢ 1a hai nghiém cta phuong trinh z? — 2015z + 1 = 0. Chitng minh

277,71

an=p>  +¢¥ ", VYn> 1.

b) Tinh gi6i han
. An41
lim ——.
n—+00 4149 . .. Ay
Bai 1.8 (PH Ky Thut Hiu CAn CAND). Tim tAt ca c4c sb thuc duong a, b sao
cho néu day {z,} théa man

lim (axyyq — bx,) =0
n—oo

thi limx,, = 0.

n—o0

Bai 1.9 (PH Pham Van Df)ng). Cho day sb (u,) xac dinh bdi

U1:2

2017u,, + 2015 Ly
Un1 = , = 1,4,...
T 9015u,, + 2017

Tinh sb hang u,,.
Bai 1.10 (PH Pham Vin Ddng). Cho diy sb

1 1 1

S, = + 4+
Van2 —1  4n2 — 22 4n?2 — n?

Tinh lim S,,.

Bai 1.11 (PH Quang Binh). Cho hai day s6 (a,), (b,) dudc xac dinh bdi:
ay = 3, b1 = 2,
(py1 = ai + Qbi, bpi1 = 2a,b,,Vn € N*.

Tim lim *\/b,; lim 2/aas...a,.
n—oo

n—oo
Bai 1.12 (PH Quang Binh). Cho diy s6 (z,) dudc xac dinh béi céng thitc
truy hoi:
x T Ty _ n+l *
L4224 4=t VneN

Tinh lim (2015 + n)x,.

n—oo
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Bai 1.13 (PH Su Pham Ha Néi 2). Cho day cac sb thuc khong 4m {z,} thod
man

Tpn — 21‘n+1 -+ Tnp42 Z 0

T+ T4+, <1,

v6i moi n > 0. Chting minh rang day {z,,} hdi tu.
Bai 1.14 (PH Su Pham Hué). Cho day sb (x,,), xac dinh nhu sau:
{xl =a, a€ (0,2)
Tpat :1+m,n2 1.
Tim a sao cho day sb (z,,), héi tu.

Bai 1.15 (PH Su Pham Hué). Cho ham sb f : [0,1] — R lién tuc. Tinh
1

lim n/x"f(av)dw.

n—00
0

2 HAM SO

Bai 2.1 (DH An Giang). Cho f, g 1a cac ham lién tuc trén R théa méan g (z) >
0,Vr € Rva

[f(2) —2| < g(z) =g (f(x),Yz R
Chitng minh rang phuong trinh f (z) = z ¢6 nghiém.

Bai 2.2 (DH Bach Khoa Thanh phb Hb Chi Minh). Cho ham s6 f : [0,2015] —
R lién tuc thoa f (0) = f(2015). Chltng minh ton tai z, € [0,1984] sao cho
[ (z0) = f (xo + 31).

Bai 2.3 (HV Céng nghé Buu chinh Vién théng). Cho hai ham sb f va g lién
tuc trén doan [0;1], g(z) >0 Vx € [0;1] va

/01 g(x)dzr = m.

Chitng minh rang ton tai ¢ € [0; 1]sao cho

| r@tis = s
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Bai 2.4 (DH Dong Thap). Cho f, ¢ 1 hai ham s6 lién tuc trén (a; b) sao cho
(f(2))? = (g(x))* # 0 v6i moi z € (a;b). Chiting minh rang f(z) = g(x) v6i
moi = € (a;b) hodc f(x) = —g(x) v6i moi x € (a;b).

Bai 2.5 (PH Hung Vuong Phti Tho). Cho f(x) 13 ham kha vi cAp 2 trén R va
thoa man
lim (f(x) — |z|) = 0va f(0) = 0.

zr00
Chitng minh rang ton tai 2, sao cho f”(x) = 0.
Bai 2.6 (DHKH Hué). Cho f 14 ham 1di trén doan [a, b, tiic 12

[tz + (1 =t)y) <tf(x)+ (1 =1)f(y), Va, y € [a,b], t €[0,1].
Chitng minh rang, véi moi z,y € [a,b] ma 2 +y = a+b, ta co

f@)+ fly) < fla) + f(b).

Tit do suy ra

b
b)J(b—
/ o)z < [f(a)+fé (b —a)
Bai 2.7 (DH Ky Thuat Hiu Cin CAND). Cho C(«) 12 hé s6 ctia 2%'° trong
bieu dién dudi dang chuoi iy thua tai z = 0 cta (1 + z)*. Tinh

/C(—y—l)(L—l—L—i—---—i—;)dy.

y+1  y+2 y + 2015

Bai 2.8 (DPH Su Pham Hué). Chitng minh khéng ton tai ham s6 lién tuc
f:R — Rsao cho f(z) la so hitu ti khi va chi khi f(x + 1) 1a s0 vo ti.

3 PHEP TINH VI PHAN

Bai 3.1 (DH An Giang). Cho ham sé f () kha vi vb han trén R, f® (0) =
0,k=0,1,2,...va

f® (z) > 0,Vk € N,Vz > 0.
Chitng minh rang f(x) = 0 véi z > 0.

Bai 3.2 (HV An Ninh). Cho ham sb f:[0,1] — ]RNkhé vi lién\ tuc va thé?.
man f(0) = 0, f(1) = 1. Chliing minh rang v6i moi n € N ton tai cac so
X1, T, ..., T, € [0,1] sao cho
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Bai 3.3 (HV An Ninh). Cho f : [a,b] — R 1a ham kha vi dén cp 2 va théa
man f'(a) = f'(b) = 0. Chitng minh rang ton tai ¢ € (a,b) sao cho

1) > Gl ) = f(@)

Bai 3.4 (HV Coéng nghé Buu chinh Vién thong). Cho ham f(z) kha vi trén

[0, +00] va /
ST ) =0
Chting minh rang:
lim ﬁ =0.
z—too T

Bai 3.5 (PH bong Thap). Cho ham sb f lién tuc, kha vi trén R sao cho
f(1) = 0. Chtitng minh rang phuong trinh = f'(z) = (x —2015) f(z) c6 nghiém.

Bai 3.6 (DH Hung Vudng Phu Tho). Chung minh rang néu ham s f(z) kha
vi lién tuc trén [0; 2] va thda man cac diéu kién f(0) = 1, f(2) = 3;|f'(z)] <

2
2,V € [0;2] thi [ f(z)dx > 2.
0

Bai 3.7 (DHKH Hué‘). Cho f lién tuc déu trén (0, +-00). Nhitng gi6i han nao
sau day chac chan ton tai hitu han?

lim f(x); lim f(2).

o0+ &—Foo
Bai 3.8 (DHKH Hué). Cho f € C? [0, 1], sao cho

|f(z)| <1, Va €[0,1].
Chting minh rang ton tai ¢ € [0,1] théa man |f”(c)| < 16.

Bai 3.9 (PH Ky Thuat Hiu Cén CAND). Cho f € C'(a,b), lim f(x) = +o0, lim f(x) =
r—a T—0"

—oova f'(z) + f3(x) > =1, Vz € (a,b). Chling minh rang b — a > 7 va cho
vidudécodb—a=m.

Bai 3.10 (bDH Pham Vin Déng). Cho ham sb f lién tuc trén [2015; 2017] va
2017
/ f(x)dz = 0. Chitng minh ring ton tai s6 ¢ € (2015; 2017) sao cho
2015

c

2cf(c) = f(z)dz.

2015
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Bai 3.11 (PH Quang Binh). Cho f(z) lién tuc trén [0, a|, kha vi trén (0, a)
sao cho f(a) = 0.

Chitng minh rang ton tai ¢ € (0,a) &€ f'(c) = f(c). (1 - l) .

C

Bai 3.12 (PH Su Pham Ha N6i 2). Chiing minh rang

2 a
— <1 — —) < sup
™ b >0

v6imoi 0 < a < b.

sin (ax)  sin (bz)
ax bx

Bai 3.13 (DH Su Pham Hué). Cho f : R — R la ham kha vi cép hai trén R

(b _i:(a # f'(c) v6imoi a,b € R,a # b.

sao cho ton tai ¢ € R thda min / 1)7

Chitng minh rang f”(c) = 0

4 PHEP TINH TICH PHAN

Bai 4.1 (bH An Glang) Cho ham sb f : R — [0;+00) kha vi lién tuc va
£ (0) = 0. Chitng minh rang

/1f()df6<oglgg<lf (/f )

Bai 4.2 (HV An Ninh Nhin Dan). Cho ham f € C*[0, 1] kha vi lién tuc trén
[0,1] thod man f(0) = 0 va f'(z) > 0¥z € (0,1). Chitng minh rang

P LU
/o[f%x)]?dx%/o“ \f@)d

Bai 4.3 (DH Bach Khoa Thanh phb H6 Chi Minh). Cho ham sb f c6 dao ham
lién tuc dén cap hai trén [—2014, 2015] . Chttng minh giéi han sau ton tai hitu

han
2015
i ([ 1 [ 10)

—2014

Bai 4.4 (HV Cong nghe Buu chinh Vién thong) Cho ham f(x) 11en tuc trén
[0; 1] 6 gia tri nhd nhit m > 0va gia tri I6n nhét M. Chitng minh rang:

m—I—M)
1< )d —d
/f - f(x) = dmM
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\ YWVl 14+ 2 -1
Bai 4.5 (DH Ddng Thap). Tinh tich phan I = vt

aVve2+1l+ax+1

N\ 4 +Oo
Bai 4.6 (DH Hung Vuong Pht Tho). Chiing minh rang néu tich phan [ f(z)dz

hoi tu va bang J thi tich phan

cling hoi tu va bang J.

Bai 4.7 (PHKH Hué). Cho f va g 13 cdc ham cling ddng bién hodc cling
nghich bién trén doan [0, 1]. Chttng minh rang

[ ez [ s [ g

Bai 4.8 (DH K§ Thu4t Hiu Cin CAND). Chiing minh ring véi

2 —x

f(x):x?’—?)x—i—l

thi

‘ =
-
—

—10 1 10

I= /f2(x)dx—|—/f2(m)dx+/f2(x)dx,

—100 1 101
101 100

=

14 s6 hitu i.

Bai 4.9 (DH Quéng Binh). Cho ham sé f lién tuc trén [a,b] va c6 f7 () >
0,Vz € (a,b). Chitng minh rang

a+b

/abf(x)dx > (b—a) (f(C) +(— —C)f/(c)) Ve € (a,b).

Bai 4.10 (DH Su Pham Ha Néi 2). Cho ham f x4c dinh, kha vi lién tuc trén
doan [0;b] va f’ nghich bien trén [0;b]. Chiing minh rang, v6i moi a € (0,0)

ta déu co ,
1 1 [ f)  f(a)
b—Q/Of(x)dx—E/O f(x)dx>T—

a
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1

Bai 4.11 (DH Su Pham Hué). Cho f : [0,1] — R lién tuc sao cho [ f(z)dz =
0

0. Chting minh rang

1 1 2

/fQ(az)dx > 12 /a:f(a:)da:

0 0

5 CHUOI SO

Bai 5.1 (DH An Giang). Xét sy héi tu ctia chudi s6 sau

o
e.n!
>

n=1

Bai 5.2 (DH Bach Khoa Thanh phé Hb Chi Minh). Cho chudi sb thuc Z ay
k=0

o0
13 chubi hoi tu tuyét dbi (tdc 1a chudi Z lax| hoi tu).
k=0

(a) V6i mbisd nguyén duong nva z € [0, 7] . Chitng minh chudi Z ay sin” (kz)
k=0
héi tu. Két ludn nay con ding khong néu thay gia thiét chudi Z ai hoi
k=0
tu tuyét dbi béi gia thiét yéu hon 1a chudi nay hoi tu?
(b) Ky hiéu S, (z) 1 téng ctia chudi & cau (a). Chiing minh rang S, (z) 1a
ham lién tuc theo bién z trén [0, 7] va lim [ S, (z)dz = 0.

n—00
0

Bai 5.3 (HV Cong nghé Buu chinh Vién thong). Thi sinh chon mdt trong hai
cau dudi day:
1) Cho 0 < a < . Tinh tich phan suy rong

9] e—ax2 _ e—ﬁxz
= / Bl R
0 X

2) Chitng minh rang
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Bai 5.4 (PH Hung Vuong Phi1 Tho). Chiing minh dang thtic

1

= = 1 e’ — 1
Zzn(n—{—l)...(n—l—k):/ o

n=1 k=1 0
-, 0 nn72
Bai 5.5 (HV Ky Thuit Quén Su). Khao sat su héi tu ctia chuoi s6 E —
ern.
n=1

+oo
Bai 5.6 (DH Pham Vin Dong). Xét tinh héi tu cta chubi sb Z f(n) trong do

f(x)z/lx dat Vo > 1.

tt+1)

n=1

f xac dinh béi

Bai 5.7 (PH Su Pham Ha Néi 2). Ki hiéu A 13 tip tit ca cac day sb thuc
duong {a,} théa man > a, = 2015. Tim {Z a?: {a,} € A}.
n=1 n=1

6 PHUONG TRINH HAM
Bai 6.1 (DH An Giang). Tim tAt cd cac ham sb f : R — R théa man

flatf@)=a+f(y) +zf(y),Vo,y eR.

Bai 6.2 (DH Bach Khoa Tp. H5 Chi Minh). Tim tt ca cac ham lién tuc f :
R — Rsaocho f(f(f(z))) =2z — f(z)v6imoizx e R.

Bai 6.3 (HV Coéng nghé Buu chinh Vién thong). Cho ham f : R — R kha vi
lién tuc trén [0;1] théa man

£(2015z + 2014) = 2015f(z) Va € R.
Tim ham f(x).

Bai 6.4 (PH Déng Thap). Tim tAt cd cdc ham sb f : R — R thoa man
£(1) = 2015 va

f(2014x — f(y)) = f(20152) — f(y) — x,véi moi =,y € R.

Bai 6.5 (DH Dong Thap). Cho f 1a ham sb lién tuc trén R va thod méin
f(0)=0va|f(x)— f(y)| <|sinx —siny| v6i moi z,y € R. Chltng minh rang

/2 [(f(2))* = f(2)]dw < % + 1. Tim ham f d€ dang thitc xay ra.
0
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Bai 6.6 (DH Hung Vuong Phti Tho). Tim tit cd cac ham sb f : R — R théa
man
f(f(x)) =4f(z) =3z, VzecR

Bai 6.7 (PH Pham Vin Déng). Tim tit ci cic ham s6 f : R — R théa min
diéu kién f(12) = 2015 va

(z—y)flx+y) — (+y)flz—y) =8ry(z" —y*).
Bai 6.8 (DH Quang Binh). Tim ham f : R — R théa man f(x) > 2015x va

flx+y) > f(@) + fly),Vo,y € R (1).

Bai 6.9 (DH Su Pham Ha Noi 2). Tim ham f lién tuc trén R théa man
28 (z) = f (sin*Pz) , Vo € R.

Bai 6.10 (PH Su Pham Hué). C6 tdn tai hay khong ham sb f : R — R thoéa

man
f@)+ 1) <x+y
2 - 2

)+|x—y|,Vm,y€R?
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DE THI CHINH THUC

1 DAISO
a B v

Bail.detA=|v7 a B |=a*+ 3+~ —3aBy
by o«

= (a+B+7)(@®+ 2 +9° —af —ay — 7).

Do «, 3,y la nghiém phuong trinh 2° —2015x+4 = 0 nén ta c6: nén det A = 0.
Mait khac ta co:

a f

2
voal = By

va do «, 8, 1a cac nghiém clia 2° — 2015z + 4 = 0 nén néu déu khac 0, suy
ra:
ala? — By) = a® — afy = a® + 4 = 2015a

nghia la
o — By =2015 #0
Tit d6 hang clia A bang 2.
Bai 2. Ton tai mot co sé (e1,€a,...,e2015) cua V sao cho 2014 véc to dau lap

thanh mot cd sé ctia . Nhu vAy eq05 khong nam trong W. Xét hé cac véc to
mai

62 = €; + €2015, 1= 1,27,2014
Chtng 14p thanh mét co sé méi va khéng ¢ véc té nao nam trong W.

Bai 3. Gia st toan tt d nhu vy ton tai. Xét VV = ker D2. Nhu vy V chinh 13
khong gian cac da thiic bac < 1. Néi riéng, dim V = 2. D& thay D, d 1am én
dinh V: v6i D diéu nay 13 hién nhién, véi d, diéu nay dugc suy ra tit viée D, d
giao hoan v6i nhau (va do d6 D2, d giao hoan).

Ki hiéu A, § tuong Ging 14 cac han ché cia D, d xudng V. Thé thi do A% = 0
va do d6 6* = A% = 0. Nhu véy, § 1a mét tu déng cu lu§ linh ctia V. Thé
nhung V ¢6 sé chiéu béng 2 nén ta phai ¢6 62 = 0 (ching han dudc suy ra
tu da thtic dac trlmg cta mot tu déng céu luy linh). Nhu vay A = 5% = 0.
Pang thic nay ndi rang dao ham déng nhat bang 0 trén khong gian cac da
thitc bac < 1. Day h1en nhién la mo6t diéu vo ly. Vay, khong tdn tai anh xa d
v6i tinh chit d3 yéu ciu.
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Bai 4. Ta tao mot ludi cac 6 dude tao bsi 9 dudng doc va 3 dudng ngang.
Do mbi diém déu dudc t6 bdi mau xanh hodc ddé nén cac diém nit dude to
mau xanh hodc dd. Xét 3 nat trén mdt dudng doc, do mbi ntit ¢6 hai cach td
mau nén cé 2% = 8 cac t6 mau. Viy mdi dudng doc cé 8 cach t& mau. Ma cé
9 dudng doc nén ton tai it nhat 2 dudng cé cling mét cach t6 mau.

Gia st d6 la hai dubng doc a; va a,. Do mbi diém chi dudc t6 mot trong hai
mau nén trén a; c6 2 diém nit dudce t6 cling mau. Do doc a, to g1ong a; nén
sé ¢6 2 diém nit dudc té cing mau v6i hai diém nit trén a;. Bén diém cling
mau nay tap nén moét hinh chit nhat.

Bai 5. b) Cdch 1

Ta sé giai bai toan téng quat, thay 2015 bang mét sb tu nhién m > 0 tiy ¥, va
chting minh bang quy nap theo m khing dinh ctia bai toan déng thsi chiing
minh ring da thic phai tim c6 bac khong qua m — 1 ().

V6im = 1, diéu kién bai toan c6 dang a,,.1 —a,, = 0 v6i moin > 0, tut do (a,)
13 ddy hing. Pa thitc cAn tim 13 mét da thic bac 0.

Gia thiét khang dinh (%) ding t6i m. Xét day (a,) thda man

m+1

Y (-1 (m ;L 1) i = 0.

1=0
DAt by, := a1 — a, v6i moi n > 0. St dung ding thic
m—+1 m+1\  (m
i+1 i )\
ta suy day (b,,) thda man
> (=) (m) busi = 0.
1
=0

Tit d6 theo gia thiét quy nap tdn tai da thitc P(z) béc khong qua m — 1 sao
cho b(n) = P(n). )
St dung khai trién Hilbert 8 ciu a), ta ¢4 nhan xét sau. Néu

P(:B):co(:l) +Cl(mx_ 1) +...+cm

thi da thtic P (z) xac dinh béi
P (z):=P(x+1)— P(x)

¢6 khai trién Hilbert nhu sau:

T T
o=, " ) v, )+t o
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Nhu véy, v6i moi da thic P(z) da cho, luén ton tai da thic Q(r) théa méan
Q(z +1) — Q(x) = P(x) va Q(0) ¢ thé nhan gia tri bat ky. Tt d6 bang cach
chon gia tri Q(0) = ao ta c6 ngay da thic théa man

Q(n) = an

vOi in n > 0.
Chu y Khéng dinh vé su tén tai cua Q(z) sao cho Q(z +1) - Qx P(z)
cling c6 thé chUng minh truc t1ep bing phuong phap hé s6 bat dinh hoac bang
phuong phap ndi suy (vi du ndi suy da thitc Q(z) taicacgiatri0,1,..., m—+1.
Cdch 2 Coi hé thitc trong bai todn nhu mét hé thitc truy hoi cho day (a,), ta
mo ta sb hang téng quat clia diy theo cac sb hang diu tién ag, ai, ..., a,. Pa
thitc dic trung tuong ting 13 (T — 1)2°% ¢6 duy nhét nghiém 7' = 1 bdi 2015,
tlt 6 sb hang téng quat clia diy c6 dang

Qp = Co + C1N + Cgﬂz + ...+ 02014712014
Tit d6 ta c6 diéu phai chitng minh.
Cdch 3 Ta chting minh rang day b, cho bdi céng thiic

2014 n
=0
v0i ¢; 1a cac hé s6 bét ky théa man hé thic truy hoi trong bai. That vay ta c6

%15(_1)1(202_15)%“ _ 2021520214% (2015) (n—i—z)

=0 =0 7=0 J
2014 2015 2015 n+i
X j

V@ phai ctia dang thitc ludn bang 0 vi n6 1a hé sb ctia 27 (0 < j < 2014) trong
khai trién ctia

2015 2015

S (P 1 = e ()P = (e
1

=0

Bai 6. Ky hiéu luong sita mdi chi dudc Bach Tuyét chia cho 14n luct 1a

T1,%9, ..., 2x7. Ky hiéu tong luong sita chd lun thit & nhin duge trude khi
cht chia déu cho anh em la y;,. Dé thay y; = 0 va 27 = 0. Ta co

$1+$2+...+$7:3.
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Lugng stta cha lun thit k£ ¢6 trude khi cha chia la xy, + ;. Vi truée khi cht lun
thit k chia sita thi tong luong stta chi thit k va k + 1 13 y, nhu nhau nén tong
lugng stta ma cha lun & + 1 nhan dudce trude khi chi chia la

1
Yk+1 = Y + g(l'k + YUk)-
Nhu véy ta dude sdu phuong trinh tuyén tinh diu tién.
Sau khi chia hét thi cha lun tht & khéng con giot sita ndo trong cc nita.
Luong sita trong cbc ctia chi sau 14n chia ctia chi thi bay 13 z;, 13 do cac cha
lun tiép theo chia cho, gém hai phﬁn:

- luong ¢ (441 + Y1) do chil Itn thit & + 1 chi cho;

- nhitng 1an chia tiép theo, hai cht lun & va k + 1 dugc chia luong nhu
nhau va bang x; .

Nhu vay

1
Tp = Thy1 T 6($k+1 + Ykt1)-

Ta dugc thém sdu phuong trinh nita. Gidi cdc phuong trinh nay bit du tu
k = 1. Khi do tu Y2 = Y1 + %(1’1 + yl) va T = To + %(I’Q + y2> ket h(jp vOi
y1 = 0, ta dudc

1 5
Yo = ZT1,T2 = ZT1-

6 6

Giai tlép ta dlIQC Yz = %l‘l, T3 = %Il, e g = %I’l, z7; = 0. Két hOp v6i

21+ ...+ x7 = 3, ta duge nghiém duy nhét 13

6 5} 4 3 2 1

T1= 7Ty = oo 3= o = 5,05 = o, T6 = o, U7 = 0.

Bai 7. Theo dinh nghia, ma trdn B = AA! 1a mét ma trdn vudng cip m véi
cac hé so dudgce cho bdi:

n

bir, = g @ij Q-

J=1

Nhu vay, by, dém sb thanh vién chung cta hai cdu lac bd C;, C. Néi riéng,
tAt ca cac hé sb trén dudng chéo 13 mét sb 1é con cac hé s6 con lai 1a chin.
Tinh chin 1é cta dinh thic ctia ma trdn B tit nhién chi phu thudc vio tinh
chin 1é clia cac hé sb clia ching: tinh chin 1 cta det B khéng déi néu ta
thay mét hé sb clia B bsi mot sb co cing tinh chin 18. Quan sat nay cho thiy
tinh chin 1é cta det B khéng thay déi néu ta thay déi cac hé sb trén dudng
chéo bdi 1 va cac hé sb con lai bdi 0, nghia 1a:

det B=detl, =1 (mod 2).
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Theo phan a), B 1a mét ma trdn kha nghich, néi riéng cé hang bang m. Ta
biét ring hang ctia mét tich hai ma tran khong vudt qua hang ctia mo6i nhan
tlt. VAy, hang cia B nhé hon hoic bang hang ctia A. Nhung tAt nhién, hang
cta A khong vugt qua n. T d6 suy ra m < n.
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2 GIAI TICH

2.1 Bang A

Bail. 1. Tacéa,,1 —a, = —% < 0 nén day don diéu khong tang
2. Néu ap=1ta théy 0 < a, <1 vG6i moin; suy ra ton tai lim,, . a, =0
3. Khi déy co gidi han hitu han thi gidi han do6 phai la 0.
Neu ag < 0 thi vi day glam nén g101 han khong thé 1a 0.
Neu ag > 2 thia; < 0va ta dua ve tru’Ong hOp vira xét bén trén.
Néu 0 < ap < 2 thi a, > 0 v6i moi n nén co giéi han lim,, ., a,, = 0.
— Tinh lim,,_, o nay,.
Cach 1. Néu ap = 0 hoédc ag = 2, thi lim,,_,, na, = 0.
Xét truong hop 0 < ay < 2. Khi do,

L2 11
i1 20pp1 — a2 2—a, ap
suy ra
11 1
a, ag — 2 —a;

Do lim,,_, a, = 0 nén (theo dinh ly trung binh Cesaro)

1 1 1 1
lim — § j = lim ——— = -,
11m 1m 9

2—@Z n—o00 2 — Qp_1

Vay, tu dang thic trude do, ta cd ngay lim,, o na, = 2.

Céach 2. Néu ap = 0 hoédc ag = 2, thi lim,,_,, na, = 0.

Xét trudng hop 0 < ag < 2. Ta c6: lim,, o “2H = lim, 00 (1-%)=1,nén
tir dinh ly Stolz ta suy ra

lim == = lim
n—oo N n—0o00

Do do, limnﬁoo na, = 2.

tré thanh
Fy) = F(ky) + %

Lién tiép dung céng thic nay ta nhan dude

ygnl
fly)=f t2 k%

=0
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Do f lién tuc tai 0 nén cho n — oo ta co

flo) = FO)+ 5 3K =0+ 37
i=0

Néu |3 > |af, datk = 9, |k| < 1, ta c6

y2

f(y) Zf(k‘y)—@-

Do do (theo cach tuong tu trudng hop trén),

Thtr lai!

Néu o = 3, d& thiy 13 khong ton tai f thda man cac diéu kién cta dé bai.
Gid st o = —3 va f 13 mot ham thda mén cac diéu kién ctia dé bai. Trong
phuong trinh da cho thay z béi —z, ta dude f(Bz) = f(ax) + (—x)?; so sanh
v6i phuong trinh ban dau ta suy ra (—z)2 = —z2 (v6i moi = € R), v6 1j!
Cach 2. batc = 052+52 va f.(x) = ca?, g(z) = f(x) — f.(x) v6i moi x € R. Bai
toan quy vé viéc tim cac ham g lién tuc tai 0 va thda mén phuong trinh

glax) = g(br)

vOi moi z € R.
Khéng mét tinh t6ng quat, xem || < |o|. Pat k = 2, tacé |k| < 1 va

g(y) = g(k™y) — g(0) = £(0) khi n — oo

v6i moi y. VAy, g khéng d6i va f(z) = f(0) + fu(z) Yz €R.

Th lai!

Néu o = 3, dé thiy la khong ton tai f théa méan cac diéu kién clia dé bai. Gia
st a = —f3. Khi d6, ham F' dugc cho bdi cong thiic F(z) = f(am) sé thoa
man ddng nhit thitc F(z) — F(—z) = 22; diéu nay 1a khong thé vi vé trai 1a
mot ham 1é, trong khi vé phai 1a mot ham chan (khac khong)!

Bai 3. Cach 1. bat F(z) = [; f(y)dy. Ta thiy F(0) = 0. Vi vy, theo dinh Iy
Lagrange, ton tai 23 € (0 1) @é F( )=F(Q1) = F(0) = F'(z3) = f(x3)-
Mat khac, ap dung dinh ly Cauchy cho ham F'(z) lan lugt v6i cac ham g(z) =

22, g(x) = 2% ta suy ra su ton tai clia 21, x5 € (0,1) d€

FQA) - FO) _ F'(z)  fz)

F(1) = = =
() 12—02 21‘1 2.171 ’




54

FQA) - F0) _ F'(zy)  [flxs)

F(1) = _ _ ‘
(1) 13 —03 33 33
Suy ra dpcm.
Cach 2. Ta th& tim nghiém trén (0, 1) clia phuong trinh
L B
4 622

Phuong trinh trén tuong duong véi: g(x) := 1222 — 3z —2 = 0; ma g(0)g(1) <
0, nén nd c6 mot nghiém z; € (0, 1).

Dit x5 := 21, 3 1= 21, ta b ngay ding thitc dude yéu ciu (véi moi ham sb
f:(0,1) = R, khong nhét thiét lién tuc).

Cach 3. Chon z, := 3/4, z, := 1/2, ta thay:

f(x1) I f(x2) _ f(z1) i 2f(x2)_

41y 623 3 3

vi thé, chil v tinh lién tuc cla f, ta c6 thé viét

. flz1) | f(x2)
min f < + < max f;
[x2,21] f o 41'1 61% o [z2,21] f

va suy ra su ton tai clia 3 € |2, 2,] C (0,1) théa min dang thiic c6 trong dé
bai.

Bai 4. bat F(z) = [ f(y)*dy va g(z) = f(2)?F(x)? = F(x)*F'(x). Theo gia
thiét, lim, . g(z) = a*

Trude hét, ta chting minh ring F(z) 1 oo khi 1 co. That vy, néu diéu nay
khong dang thi lim, ., F(z) = M < oo; do do lim,_, f(z) = a/M > 0; suy
ra lim,_,., F(z) = oo, vO ly!

Vi vay, ta c6 thé 4p dung quy tic Hospital va thu dugc

F(z)3 F(z)*F'
lim () = lim 3F(@) F(z) =3 lim g(z) = 3a”.
N T—00 1 T—00
Tu do,
(3023 = lim £&) _ jy, L@F(@)
Z—00 \9/5 T—00 %f(q;)
Suy ra

li_)rn JVaf(z) = :\g/g.
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n

e ) ’ A n A .
Bai 5. Cach 1. Truéc heét, 0 < —a, < > ax — 0nén na, — 0 khin — oc.

k=[n/2]
A 2 , nol , Re 1 As
Vi the, tu dang thtc > [kay — (k + 1)ags1] = a1 — na,, ta c6 chuoi hoi tu:
k=1
S lnan — (04 Dagis] = a
n=1

Viy, dang thiic n(a, — ani1) = [nan — (0 + 1)ans1] + ani1 cho thiy chubi
>~ n(a, — anq1) cling hoi tu (dpem).

n=1

Nhén xét. Cach gidi nay cho phép ta tinh duge > n(a, — ani1) = a3 +

n=1
Z Ap+1 = Z Qp,.

Cach 2. Tir gia thiét ta nhén thiy S n(an — anst) 12 mot chudi duong.

n=1

A N R o X i \ / ; .7
Hon ntia, néu goi S 1a tong cua chudi ) a, thi do a,,; > 0 ta c6 danh gia:

n=1
n n n
Z k(ar — agy1) = —nan1 + Zak < Zak <S
k=1 k=1 k=1
, o0
v6i moi n. Vay, > n(a, — ap41) < oo.
n=1

Nhan xét. Néu chttng minh thém lim,,_,, na, = 0 (xem Cach 1) thi tu drflng
thiic

Z k(ar — ap+1) = —nap + Z ay

k=1 k=1

ta thiy Cach 2 cfing cho ta: 3 n(ay — ani1) = 3 ay.
n=1

n=1

2.2 BangB

Bail. 1. Tacéa,,1 —a, = —% < 0 nén day don diéu khong tang
2. Néu ap=1ta théy 0 < a, <1 vG6i moin; suy ra ton tai lim,, ,c a, =0
3. Khi déy c6 gidi han hitu han thi gigi han dé6 phai la 0.

Neu ag < 0 thi vi day glam nén glOl han khong thé 13 0.

Neu ag > 2 thi a; < 0 va ta dua ve trucng hdp vira xét bén trén.

Néu 0 < ap < 2 thi a,, > 0 v6i moi n nén co6 giGi han lim,,_,, a,, = 0.
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— Tinh lim,,_, . na,.
Cach 1. Néu a¢ = 0 hodc ag = 2, thi lim,,_,, na,, = 0.
Xét truong hop 0 < ao < 2. Khi do,

2 1
Uny1 2041 — a2 2—a, a,
suy ra
n—1
_n TR a;
=0
Do lim,, . a,, = 0 nén (theo dinh ly trung binh Cesaro)
182 1 1 1
lim — =1 ==
LIPS DL i

Vay, tu drflng thic truée do, ta cd ngay lim,, o na, = 2.

Cach 2. Néu ay = 0 hodc ag = 2, thi lim,_, na, = 0.

Xét trudng hop 0 < ag < 2. Ta c6: lim,, o0 “2H = lim, o0 (1—4%)=1,nén
ttt dinh ly Stolz ta suy ra

1

lim % = lim
n—oo N n—00

Do dé, lim,,_,~ na, = 2.

Bai 2. Bai 2 14 trudng hop riéng ting véi 8 = 1 clia bai 2 trong dé clia Bang
A.

Bai 3. Cach 1. Theo dinh Iy Lagrange, ton tai z3 € (0,1) d€ f(1) — f(0) =

f'(@3).
Mat khac, ap dung dinh ly Cauchy cho ham f 14n lugt véi cac ham g(x) =
22, g(z) = 2% ta suy ra su ton tai clia 21, x5 € (0,1) d€

)= f0) Pl
12 — 02 20,

)= J0)  Fle)
13 — 03 313

f(1) = f(0) =

Suy ra dpcm.
Cach 2. Ta th tim nghiém trén (0, 1) cia phuong trinh

1 1

12
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Phuong trinh trén tuong duong véi: g(z) := 122% — 3z —2 = 0; ma g(0)g(1) <
0, nén nd c6 mot nghiém z; € (0,1).

DAt x5 := 21, 3 := 21, ta cb ngay ding thitc dudc yéu ciu (v6i moi ham sb
f:(0,1) = R, chi can kha vi).

Cach 3. Chon z, := 3/4, x5 := 1/2, ta thiy:

f'(x1) f'($2) ~ f(=) +2f'(9€2).
4, 6z3 3 3

vi thé, chti v tinh lién tuc cta [, ta c6 thé viét

’ /
p L) T (I22) < max "
[z2,71] 4xq 6]72 [2,21]

va suy ra s ton tai clia x5 € [z, 1] C (0,1) thda man dang thitc c6 trong dé
bai.

Bai 4. Giastta > 0. Tacd

/Olf(x)gdxz/Olf(a:)de—Ba/olf(x)dx:/Ol(f(x)3_3af(x))dx

Su kién f(z) < 1 gdi y ta xét gia tri 16n nhit ctia ham sb g(y) = y® — 3ay trén
khoang —oco < y < 1.
Co thé thay gia tri 16n nhat nay la

h(a) = max{1 — 3a, 2av/a}.

Lai ¢6 min{h(a) : a >
Vay, f(2)* = f(2) < 1.

Bai 5. Gia st ¢ bi chin, nghia 13 ton tai s6 thuc M > 0 sao cho g(z) < VM
hay g(z )3 <M véi moi z € [0, +00).

bat F

——dt,tacod F'(x) =

1 A 3 _
-1 Ty 9@ =Ty

Suyra
1 I F(x) 1, bOF(x) . 11 1
MGy - Fwp M v< | F()P ™ = 2F(1 2F@? < 2R ()P

Tit bat dang thic trén cho ¢ — +oo ta gip mAu thudn. VAy ¢ 1a bi chin trén
[0, +00).



CAC BAI DE XUAT: DAI SO

1 MA TRAN

Bai 1.1 (HV An ninh Nhan d4n). 1. Theo b4t ddng thtc Sylvester vé hang
clia ma tran

lrank(A) — rank(B)| < rank(A + B) < rank(A) + rank(B)
rank(A) + rank(B) — n < rank(AB) < min{rank(A), rank(B)}
Ta co6
rank(A) + rank(Z, — A”) — n < rank(A(Z, — AP))
= rank(A — APTY)
= rank(0,,)
=0
nén ta dugc rank(A) + rank(l, — A?) <n
Van theo bat dang thtc Sylvester ta c6

n = rank([n)

ank(A? + I, — AP)
rank(Ap) + rank(/,, — AP)
rank(A) + rank(/,, — AP).

NN

Vay ta dudc rank(A) + rank(l,, — A?) =n .

2. Ta nhan xét rang véi k,m € N ma k 1a uéc cta m thi I, — A™ =
(I, — AF)P(A) v6i P(x) 1a da thitc xac dinh bdi phép chia da thic
1 — 2™ cho da thitc 1 — 2*. Suy ra

rank(/,, — A¥) > rank(I, — A™)(theo bat dang thitc Sylvester).

Bay git xét p 14 s6 nguyén tb. LAy bat ky sb ked{2,3,. D 1}.

Xét tap hop S = {p+1 2p+1,. kp+1} gbm k phan ta.

Tu’ng cap 2 phan ta trong S ¢6 s0 du khac nhau khi chia cho k. Théat
vay, gia st ngudc lai cd r,s € {1,2,....k} (r < s) d€rp+1vasp+1cod
cting sb du khi chia cho k, thi (s —r)p chia hét cho k, suy ra (s —r) chia
hét cho k, diéu nay vo 1y vi (s —r)e{l, —1}.

Suy ra phai c6 mét phan tit (qp + 1) € S ma qp + 1 chia hét cho k, hay
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k1a wéc ctia gp + 1, trong d6 ¢ € {1,2,....k — 1} (vi rang kp + 1 khéng
chia het cho k).
Theo két qua trén ta cd

rank(l, — A) > rank(I,, — A*) > rank(I,, — A?™)

Nhung
AP+ — pAptl gap—p — g par—P — Al¢—D)p+1

Lai co

Ala=Dp+1 — pgp+1 gle=Dp—p — g Ala—Dpr—p — A(a-2)p+1

Tiép tuc nhu vay sau ¢ bude ta duge AP+ = Al-ar+l = 4

Do d6 rank(I,, — A1) = rank(I,, — A) . )

VAy ta dugc rank([,, — A) = rank([,, — A*) véibatky k € {2,3,...,p—1},
tlc la

rank(l,, — A) = rank(I, — A®) = ... = rank([,, — A*™1)

Bai 1.2 (DH Dong Thép). Tit A 14 ma trin iy linh nén moi gié tri riéng ctia A
déu béng 0. Viét da thic dic trung fa(z) = (—1)"z" 4+ (—1)"Ler(A)z" " + ...
Theo dinh ly Viet, tong cic nghiém ctia da thitc dic trung bang trace(A).
Nhung theo nhin xét trén cic nghiém cyar da thic f4(z) déu bang khéng.
Vay trace(A) = 0.

Bai 1.3 (PH Déng Thap). Goi n cip ctia ma trdn A, B. Khi dé ta c6:

trace(AB) = Z Z(aijbji) = Z Z(bﬁ@@') = trace(BA).

i=1 j=1 i=1 j=1

Dé thay, cac so 2a,4a.6a la cac gia tri riéng cta A. Khi d6 ton tai ma tran kha

2a 0
nghich P sao cho A = P7'CP, trongddmatrdanC = | 0 4a 0
0 0 6a

Theo két qua trén trace(A20M) = ¢y (C2014) = 9201442014(] 4 92014 4 32014y
Bai 1.4 (PH bdng Thap). Tinh toan truc tiép hoic st dung tinh chit vé vét
suy ra ma tran AB — BA c6 dang <CCL _ba> nén tit d6 suy ra (AB — BA)? ¢6

dang ol. Piéu nay chitng t6 ma trdn (AB — BA)? giao hoan v6i moi ma trdn
vuong cung cap.
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Bai 1.5 (DH Hai Phong). Ky hiéu I, 1 ma trin don vi cip n. Ta ¢6
A2+ B=BAs (A-B)(I,-A) =A< (A-B)(A™ - 1,) =1,
suy ra
(A" IL)YA-B)=1,< (I, -A)(A-B)=A& A>+ B=AB.

VAy AB = BA.

Tt d6 suyra A~'B = BA™!, ddn dén [(A~1)2015 B2015]2016 — () hay (A~1)2015 g2015
la ma tran lay linh.

Mat khac v6i moi ma tran X liy linh thi det(Z,, + X) # 0. That vay, do X liy
linh nén ton tai sb nguyén duong k sao cho X%+ = 0, do d6

In=1,+ X* = (I, + X)(I, — X + X? — ...+ X?M),
din dén det (I, + X) # 0. Trong tinh hudng trén ta suy ra
det (I, + (A~1)2015 g015) £
hay det(A215 + B2015) =£ (). VAy A?015 + B2015 kha nghich.

Bai 1.6 (PH Khoa hoc Hué). Vi A dbi xtng nén A chéo hoa (truc giao) dudc.
Do d6 ton tai ma trdn kha nghich P sao cho

A=PDP,

trong d6 D = diag(\y, . .., \,) 1 ma tran chéo ¢6 cac phan tit chéo \;, ..., \,
la cac gia tri riéng cia A. Tw dé suyra A* = PD*P~! = P diag(\}, ..., \F) P~1.
Vi A¥ = 0 nén D* = diag(\},...,\¥) = P71A*P =0hay D = 0. Vivdy A = 0.
Bai 1.7 (DH Khoa hoc Hué). Ta c6 da thic dic trung ctia A

pale) = (z +2)°
c6 nghiém kép = = —2. Thuc hién phép chia da thiic 2" cho p4(z):

" =pa(z)q(z) + ax + b.

Thay z = —2 ta dudc —2a + b = (—1)"2" va sau d6 14y dao ham hai vé tai

r = —2tadudca = (—1)""'n2""! T d6 cling c6 b = (—1)"(1 — n)2". Theo
dinh 1i Cayley-Hamilton, A 1a nghiém cta p4 nén

_1\non _1\n+1 n—1 _1\n+1 n—1
A"_aA+b12_(( Hm2m + (—1)"+13n2 (=1)"*+13n2 )

(—1)"3n2n1 (=1)"(3n2"1 4 2m)



1. MA TRAN 61

Bai 1.8 (PH Ky thuit Hiu can CAND). Tit ABAB = O,, khéng suy ra dudc
BABA = 0O, viduvéin = 3 va

001 0 01
A=10 0 O B=11 00
010 000

Bai 1.9 (PH Ky thuit Hau cAn CAND). Trudc hét ta chitng minh rang néu
M la ma trdn nguyén va nghich ddo cling la ma trdn nguyén khi va chi
khi det(M) = =+1. That vy, néu M 13 ma trin nguyén kha nghich sao cho
ma trin nghich ddo ctia né 13 N ciling ¢6 cac phan ti nguyén. Khi dé ta cb
det(M), det(N) 1a cac sb nguyén. Mit khac det(M)det(N) = det(MN) = 1
nén ta phai cé det(M) = +1. Ngudc lai, néu det(M) = +1. thi ma tran nghich
ddo ctia M 13 ma trdn nguyén 13 hién nhién theo céng thitc dinh thitc tinh
ma tran nghich dao.

Pit f(z) = det(A + zB), =z = 0,1,2,3,4. Khi dé theo gia thiét f 13 mét
da thitc bic cao nhét 1 2 véi bién z. Theo két qua trén f(z) = +1, = =
0,1,2,3,4. Theo nguyén ly Dirichlet ton tai ba gia tri clia z sao cho f (x) nhén
cling mot gia tri. Tt d6 suy ra f(x) 1a da thiic hang. Trong trudng hop dic
biét det(A + 5B) = +1. Vi vdy A + 5B la ma trn kha nghich va ma tran
nghich do c6 tit ca cac phan ti nguyén.

Bai 1.10 (HV Ky thuat Quan su). DAu tién ta chitng minh trong trudng hop
khi A 1a ma trdn hang 1. Khi d6 ton tai mét vector v # 6 sao cho A = vv’. Ta
co

trace (AB) = trace (vv” B) = trace (v Bo)
= 0" Bv < v Cv = trace (vv" C) = trace (AC)
Néu A c6 hang bét ky, do A dbi xiing, khéng 4m nén A luén c6 di n tri riéng

M, ..., A, khong am (k€ cd bdi), gid st uy, ..., u, 1a moét co sé dudng chéo clia
A Gng véi n tri riéng trén. Khi do

n n

T T

A= E AUuu; = E V;V;
i=1 i=1

6 do Vi = )\Zul Ta co

n

trace (AB) = trace (Z vw?B) < Z trace (vv] C') =trace (AC).
i=1

=1
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Bai 1.11 (PH Pham Vin Déng). Ta c6

0O 0 1 0 0
0 0O 0 1 0
o]0 001 0
1 0O 0 0 1
0 1 0 0 0|
Tinh toan tuong tu:
[ 1 0O 0 0 0]
0 1 0 O 0
qo_ |0 0 10 0|,
0 0 0 0 --- 0
0 00 0 - 1

Vay A1 = A5 = (a;), trong do6

Lot néuj=i+5i=15vaj=i—4,i=5,10
Y0 néu ngudc lai

Bai 1.12 (PH Quang Binh). Theo gia thiét A*¥ = 0 nén cac ma trn A + I

va A — I 1a cac ma trdn kha nghich. Khi d6, v6i ma trdn B bat ki sao cho

AB = A thita co6:

rank(A + B) = rank(A — I)(A + B) = rank(A? — A) = rankA.

Tuong tu:
rank(A — B) = rankA.

Vay rank(A + B) = rank(A — B).

Bai 1.13 (PH Quang Binh). Da thiic dic trung cta A la f(z) = (z — 1)* —
(z — 1)3. Theo dinh ly Cayley - Hamilton ta c6 (A — I)* = (A — I)3.
vay

2015

AP = Z 05015(14 - ])k
k=0
2015.2014
—1+2015(A— 1) + %(A — 1y
+ (22015 - C18015 - C(22015)(‘/4 - ])3

Tinh toan ta dudc by; = 10.2215 — 10 — 14.2015 — 12.2015.2014.
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Bai 1.14 (PH Su pham Ha Néi 2). Tit gia thiét ta c6 (P + 141,)2 = P + 141,
va (Q + 151,)2 = Q + 15I,,. Do d6 néu dit X = P + 141,,Y = Q + 151, thi
cling theo gia thiét ching ta c6 X2 = X, Y2 =Y va X + Y — I, kha nghich.
(3 diém).

Khi d6 tirviée XY = XY +X2-X = X(Y+X—1,)va XY = XY +Y2-Y =
(Y+X—-1,Ytaco

rankX (Y + X — I,,) = rank(Y + X — [,,)Y.

Vi vay tit X +Y — I,, kha nghich ta cé rank X = rankY’, day 1a diéu phai chitng
minh. (2 diéem).

I Y1 o~
Bai 1.15 (PH Su pham Hué). Gid st X = |zs y» 2 |. Ma trdn X tén
T3 Ys Zz3
T a+1
tai khi va chi khi cdc hé phuong trinh tuyén tinh A [z, | = 20 | ;
ZT3 C
U1 b Z1 —C
Aly | = —a | vaA|z] = [b—2]| cb nghiém. Xét ma trdn bd
Y3 2c—1 23 2a
sung
1 =2 0 | a+1 b —c
A=12 3 -1 | 2b —a b-2
0 -7 1 | c 2c—1 2a

St dung cac phép bién d6i so cip ta cé A tuong duong ma tran

1 -2 0 | a+1 b —c
A=10 7 -1 ] —2a+2b—2 —a—2b b+ 2c—2
0 0 0 | —2a+2b+c—2 —a—2b+2c—1 2a+b+2c—2

Do d6 3 hé phuong trinh tuyén tinh trén c6 nghiém khi va chi khi hang tha
3 ctia ma trdn A’ bang 0, tic 1a a, b, ¢ 1a nghiém cta hé

—2a -+ 26 + ¢ — 2 =0
—a + =20 + 2¢ — 1 =
2a + b + 2¢ — 2 =0

e}

Giai hé trén ta dugca = S, b= 3,c =

©|00
.

Bai 1.16 (PH Su pham Hué). Trudc hét, ta dit C = AB— BA va chting minh
A va C giao hoan nhau. Ta c6

AC — CA= A(AB — BA) — (AB — BA)A = A’B + BA> — 2ABA = O.
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Chitng minh bang quy nap ta du’Qc C™ = AC™ 1B — Cmfl{BA, Vm > 1. St
dung trace(AB) tr(BA) ta o trace(C™) = 0,Vm > 1. Di€u nay chiing to
tAt ca cac gia tri riéng clia C déu bang 0, do d6 ton tai m € N sao cho C™ = 0.

Bai 1.17 (DH Tén Trao). bat X = (zy, 72, ....,2,)7, Y = (y1,¥2, -, yn)? . Khi
do6 ta c6 hé phuong trinh

Ty + T3+ + Ty =11
T+ T34+ Tp = Y2

AX =Y & (D)
T+ o+ FTp1 =Yn
Cong ting vé clia hé phuong trinh (1) ta ¢ phuong trinh
1
x1+x2+-~+xn=—n_l(y1+y2+~~+yn)- (2)

Liy phuong trinh (2) trit di tiing phuong trinh trong hé (1) ta dudc két qua

=1+ ety )

n—1
Ty =22y + (4 ys+ -+ Un)
In:z_jyn+ﬁ<y2+y3+"'+ynfl>

Két qua nay ching té A 1a ma tran kha nghich va

n—2 1 1 - 1
1 1 n—-2 1 - 1
Al = . 1 1 n—-2 -~ 1
n_
1 1 1 - n=2

Bai 1.18 (DH Tan Trao). Dit S = A + B, trong d6 ¢ = —3 + i*. Ta 6
S = A + eB va theo gia thiét:
SS = (A4 eB)(A +€B)
= A4+ B>+ e¢BA+€AB = AB+e¢BA+€AB
= eBA+ (1+€)AB =¢BA—€AB
¢(BA — AB)
= (S9) = ¢"(BA — AB)
SS) = S5 1a mét s thuc, (BA - AB) € R* va [¢(BA — AB)] = ¢"(BA —
), suy ra e € R. Diéu nay xay ra khi va chi khi n chia hét cho 3.

Vi (
AB
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Bai 1.19 (PH Tiy Bic).

detA = =o®+ B ++% - 3aBy

=2 9
= 0 ™
S ™

=(a+ B+ + 2+ —af —ay - Bv).

Do «, 3,7 la cac nghiém ctia phuong trinh 23 — 20152 + 4 = 0 nén ta ¢6
det A = 0.

g

«

Mat khac ta lai c6: = o — 3y va cac nghiém o, 3, v cia phuong trinh

2® — 2015z + 4 = 0 déu khéc 0, suy ra
ale® = By) =a® —afy=0a’ +4=2015a = o — By = 2015 # 0
VAy hang ctia ma trin bang 2.

Bai 1.20 (PH TAy Bac). 1. Taco

0 1 0 21 1
P'=10 0 1 [;B=P1'AP=|0 2 -1
1 -1 -1 00 2
2. Taco
21 1
B=P'AP=|0 2 -1 | =240,
00 2
01 1
trongdo C =0 0 —1
0 0 O
Vi I va C giao hoan va C*® = 0 nén theo cong thiic nhi thitc Newton ta
co
2" n2" 1t n(5—n)2n3
B" = (2 + O)* = 2"[+C 2" 'C+C22"2?C* = | 0 2" —n2n1
0 0 2"
Suy ra

—n24+n+38 n®—n n?+ 3n
A" = pB"p~! = on-3 —n24+5n nP—-5n+8 n?2-n
—4n 4n 4n + 8
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Bai 1.21 (DH Tay Bic). Ta ¢6 (AB)% = o2l;a # 0 nén A, B 1a cac ma tran
kha nghich.
Tt (AB)?> = o?I = AB = o*(AB)™! = o?B7'A7!. Suyra

(BA)? = B(AB)A = Ba®?B'A'A = o’I.

1 AY
Pit X = ~AB = {“ b]tthQZI.
« c d

Theo dinh ly Cayley - Hamilton ta c6:
X~ (a+dX+|X|I=0=1—-(a+d)X +|X|[I=0

Do X? = I nén |X| =
— Néu |X|=1thi

2
atdXx—20=x= |20 e Y 1o x_qr
c d 0 atd
— Néu |X| = —1 thi (¢ + d)X = 0. Do X kha nghich nén X # 0 suy ra
A \ N K sy . 1 N\
a + d = 0. biéu nay mau thuan véi Tr(X) = —Tr(AB) # 0. Vay X = +1
a
hay AB = +al suy ra (BA)? = B(AB)A = +aBA. Do A, B kha nghich
suyra BA = +al = AB.

Bai 1.22 (PH TAy Bic). Bang quy nap theo k ta chiing minh ding thic
A*B — BA¥ = kA" v6i moi k € N. Thét vay,
— Néu k = 1 thi dang thiic ding theo gia thiét.
— Giastt A*B — BA* = kAF v6i k > 1. Khi do
Ak:JrlB BAk+1 (Ak+1B ABAk:) (ABAk: . BAk+1)
= A(A*B — BA") + (AB — BA)A*
= kAR 4 AR = (k4 1) AL

Vay A¥B — BA* = kA" v6i moi k nguyén duong.
Néu A* # 0 v6i moi s6 nguyén duong & thi xét:

f : Mat(n,R) — Mat(n,R)

X—XB-BX

Ta ¢6 f 1a 4nh xa tuyén tinh va f (A’“) A*B — BAF = EA* v6i moi k. Do
AF £ (0 nén k 1a gia tri rleng cta f v6i moi k. Mt khac dimgMat(n, R) = n”
suy ra f c6 nhiéu nhét n? gia tri riéng phan biét. Mau thuln. Viy phai ton tai
so nguyén duong k sao cho A% = 0.
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Bai 1.23 (PH Ty Bic). (a) Xét ma tran A = \J khi d6 ta c6
AB43A=T&N+3N)I=1<X+32=1 (1)

Goi )\ 1a nghiém thuc ctia phuong trinh(1) thi A = A\ € Mat(n,R)
théa mén dang thitc 43 + 34 = 1.

(b) Xét p(A) = M +3x—1,tacop = 3N\ +3 > 0 v6i moi A € R va
p(0) = —1 < 0 suy ra p(z) c6 duy nhat moét nghiém thuc A, > 0 va hai
nghiém phtic lién hop ki hiéu 1a A;; \;.

Tt dang thitc 43 + 34 = I. Suy ra cac gia tri riéng clia A thubc tap
{ Aoy A1, A}

Goi f4(z) la da thic déc trung ctia A. Khi d6 f4(x) c6 3 nghiém phéan biét
Ao, A1, A; v6i s6 boi tuong ung la mg; mq; my v6img, my = 0;mo+2m; =n
(Cha ¥ ring A1, \; luén c6 sb bdi nhu nhau).

T d6 ta ¢6 det A = AT\ A)™. Do Ay > 0;: M A = |[A|° > 0 nén
det A > 0.

2 PINH THUC

Bai 2.1 (PH An Giang). bat D,, = det(A). Cong cac cot vao cot tht n, ta
dudc

—(a+1) 1 0 0 —a
a —(a+2) 2 0 0
0 a  —(a+3) - 0 0
0 0 0 oo —(a+n—-1) 0
0 0 0 a —n

Khai trién theo cot n ta dugc D, = (=1)""(—a)(a)"" —nD, 1. V8i D, =
—(a + 1), thuc hién truy hoi ta dugc

D, = (~1)"n! (Z %) .

Bai 2.2 (HV An ninh Nhén dén). Vi rank(A4) = 1, nén A phai c6 dang

'klal kgal c. kial c. knal'

k1a2 kQCLQ Ce kiag c. knag

A= klai kgai Ce kiai c. knai
_klan kQGn Ce kian ce knan_
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c6 mot hang (cot) dbc 1ap tuyén tinh, con cac hang (cot) khac béu dién tuyén

tinh qua hang (hang) cot nay, véi (a4, as, ...,

(0,0, ...,0) .
Khi do
1 + klal
leLQ
I, +A= kia,
k‘lan

k’gal
1+ k’zag

kaa;

k2&n

an) 7é (0,0, ceey 0) va (k’l,k’g,

Néu Elkzal =0 (tl,l’C la kl =0 hOéC a; = 0) thi

1+ kl(ll k2a1
kiasg 1+ koas
In + A= kl&i kzai
klan k2an
hoac
(1 + 1{71@1 ]{52&1
k1a2 1+ ]{32(12
LoeA=1 g 0
klan k2an

kl-al knal T

k’iCLQ knCLQ
1+ kiai knal

kian 1 + knan_

0 k‘nal T

0 knag

1 kna;

0 1+ k,a, ]
kial knal T
]{JZ‘(IQ k’nag

1 0
k;a, 1+ kpan |

k) #

nén khai trién Laplace cho det(I, + A) theo cdt thif i hodc theo hang thtt i ta
dudc det(1, + A) = det(I,—; + B) v6i B la ma tran cap (n — 1) c6 dang nhu

ma tran A .

Do d6 gia st Va; # 0 va Vk; # 0 . Rt thita s6 chung cia cac hang va cac cot

ta co

det(I,, + A) = (k1a1kqas...kpay,)det

1 1
14+ L

koaso

1 1+k;

1 1
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Nhan hang dau véi (—1) rdi céng vao cac hang tir thit 2 dén hang thit n ta
dudc

1+~ 1 ... 1 ... 1]
B k161 1
kia1 kaaz
det(I, + A) = (krarksas...kpan)det | ;
Tk 0 kia; 0
1a1 Qg
.1 . . . T 1
| —ma 0O ... 0 . =
1 -+ k1a1 /{?QCLQ R k,-ai R knan'
—1 1 ... 0 ... 0
=detl 1 0
-1 0 ... 0 ... 1

Cong tht ca céc cot tir th 2 dén thi n vao cot diu tién ta dude

1 + 2?21 kiai k;QCLQ R k’iai . knan_

0 1 ... 0 ... 0

det(l, + A) = det 0 0 . ;
L 0 o ... 0 ... 1 |

=1+ Z kia; =1+ trace(A)

i=1

Bai 2.3 (HV An ninh Nhin d4n). V6i ma trAn M ta goi M 1a ma trin lién hop
cta M theo nghia

néu M = [m;; = a + ib],, thi M = [a — ib], trong d6 i* = —1

Tir dinh nghia ctia dinh thiic dé dang chiing té dudc det(M) = det(M).
Do dé véi o > 0, dat M = I +i/a.Ataco
I+ a.A? = (I +iva. A)(I —iva.A) = M.M
det(I + a.A?) = det(M).det(M) = det(M).det(M)
= |det(M)]* > 0
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Voia<0thil+a.A?=(I—+/—a.A)(I++/—a.A), nén

det(I — /—=a.A) = det[(I — vV—a.A)"] = det(I + vV/—a.A)
det(! + a.A%) = det(I +v/—a.A).det(I + v—a.A)
= [det( + vV—a.A)]

Bai 2.4 (BTC). binh thic cAn tinh bing 1.

St dung dang thte (“}') — (4) = (.°,), trli tiing c6t cho cot ngay trudc ta cb

(G) 0 0 0
Do e e
D(ay,aq,...,a,) = (23) (13) <31 ) (31 ) = D(ag,as,...,a,).

an a.n an. 1 A an :n72
(nfl) (nf2) (nj2) T ( nt2 )
Tit d6 bang quy nap ta suy ra D(ay, ..., a,) = 1.
Bai 2.5 (BTC). (a) Bang cach céng hang va cot, ta cd

JA+iB —B+iA o |
5 ) — |A+iB|.|A—iB|.

B A

A -B|
- B A-iB

_’A+z‘B 0 ’

(b) Tit dinh nghia, d& thiy |A — iB| = |A +iB|. Do d6 dinh thitc ma trin
khoi bang
[A+iBJ",
nén 1a mét sb thuc khong am.

Bai 2.6 (BTC). Trudc hét, nhan xét rang dinh thiic ctia ma trin A khong phu
thudc vao cach danh chi sb clia cac tip con khac réng ctia {1,2,...,n}. That
véy, mot cach danh chi sb khac twong ung v6i mot hoan vi o caa cac S; va do
d6 khién A tré thanh mét ma trén c6 dang P,AP !, trong d6 P, la ma tran
hoan vi dinh nghia bdi cong thu’c pij=1néuoc(i)=jva=0 néu khéng.

Bay gid, d€ tinh dinh thiic yéu ciu, ta sé danh thd tu mét cach hgp ly va xay
dung mot cong thiic truy hoi.

V6i cac tap con khac rong cua {1,2,...,n+ 1}, ta chon mét cach danh chi sb
nhu sau: truée het sap thu tu (bat kl) cac tip con cua {1, 2,. ,n+ 1} khong
chita n 4 1 (nhu véy, ¢o ca thay 2" — 1 tap con nhu Vay) roi tlep theo la cac
tAp con cla {1,2, ...,n+ 1} c6 chita n + 1 (nhu vAy, c6 ca thay 2" tdp con
nhu vay). V6i cdc tap con chita n + 1 nay ta danh thi ty nhu sau: cht y rang
moi tap nhu véy la hop caa {n + 1} v6i mot tap con cta {1,2,...,n} nén ta
c6 thé sap thtt tw dya vao cach sap tht tw da cb dinh 6 trén, riéng véi tap
{n+1}ta xep sau cung (thu tu 16n nhét).
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Xét ma trdn A, ,; la ma tran tuong tng v6i mot cach danh thi tu nhu vay.
De thay rang A, c6 dang nhu sau

0

A, A, :

0

AnJrl = 1
A, Id :

1

0 01 11

Ma trn A,.,; c6 cAp 2"+! — 1, 13 ma tran theo khéi: A, 13 ma trin vudng cip
2" —1va Id la ma trin don vi cap 2" — 1. Bang cach thay moi cot cia A,,, tri
cOt cuoi, bdi cOt cudi cung, ta suy ra

0

A, A, :

0

det A, 11 = det 0
A, 0 :

1

0 00 0 1

Tir ddy, dua vao khai trién Laplace theo hang cubi ciing,

A, Ay A, Ay
det A, 11 = det (An 0 ) = det ( 0 _An) = —(det A,)%

Dang thtic ap chot dén tit viéc thay mbi cot ctia khébi bén pha1 béi hiéu cta
n6 v6i moi cot tuwong tng 6 bén trai (ro nghia ?), con diu —1 dén tu viéc ma
tran A,, co cap 1é.

Bay gid, dé tinh toan dugec A, = —1. Ta suy ra det A, = —1 v6i moi n > 2.

Bai 2.7 (DH Dong Thép). D& thiy vé trai 1a hé sb clia 23 trong khai trién cla
dinh thiic

)
I
— = =

8 QL o o
o
o
o
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Theo dinh thttc Vandermonde D = (z — a)(z — b)(z — ¢)(z — d)

— = =
QU O R
9}
%)
@}
w

nén tit dinh 1y Viet ta cé diéu phai chiing minh.

Bai 2.8 (DH Hai Phong). Néu A 1 ma tran kha nghich ta c6 su phén tich

I, O A B
v @)
trong d6 X = CA™)Y = D — CA~'B. Khi d6

det (M) = det (ﬁg [(i ) det (’3 5) — det(A)det(Y).

Tit d6 suy ra det(M) = det(A)det(D — CA™'B) = det(AD — CB). Néu ma
trdn A khéng kha nghich thi ta xét da thic

P(z) = det(A — z1,) = (=1)"2" 4+ ap_12" " + ...+ ayz + ao.
Ta c6 P(x) # 0 va deg(P(z)) = n nén P cb khong qua n nghiém. Ndi riéng,

c6 vO s6 s6 thuc x sao cho P(x) # 0, hay A — 1, kha nghich.
Ta co

det <A o g) _ det(A — 2,)det(Y) = det((A — I,)D — CB).

Do ding thitc ding véi vo sb = nén ding véi moi sb thuc z. Thay z = 0 ta
dugce diéu phai chiing minh.

Bai 2.9 (PH Khoa hoc Hué). a) Ta c6 A la ma trén ba dudng chéo. Dat
D,, = detA. Khai trién Laplace theo cot dau tién, ta dudc

Dn - 5Dn—1 - 6Dn—2

va dé théy Dy =5va Dy = 19. Dé tim dudgc sb hang téng quat cta day hoi
quy tuyen tinh cap hai nay la

D, = 3" —2nt,

b) Vi D,, = detA # 0 nén hé da cho c6 nghiém duy phét. Hon nita dé thiy
r=(1,1,...,1) 1a nghiém nén day la nghiém duy nhat ctaa hé da cho.
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Bai 2.10 (DH Pham Vin Pong). Tir dong 1 dén dong 2014, cong vao né téng
tat ca cac dong ding sau ta dudc

r+2014 42014 x+2014 --- 242014 2+ 2014
2014 242013 z+2014 --- x+2014 x+ 2014
0 2013 x+2012 --- x+2014 x4+ 2014

0 0 0 1 T

Nhéan cot j v6i —1 va cong vao cong (7 + 1) véij=1,2,...,n— 1 thi

r+2014 0 0 0
2014 r—1 1 0
D2015(I) = 0 2013 z—1 --- 0
0 0 0 ooz —1
x—1 0 0o --- 0
=G2o TE T DT
0 0 0o - -1

2015
= [] (= + 2016 — 2i).

=1
Bai 2.11 (PH Su pham Ha Néi 2). Ma trdn B = AAT + 161, 1a ma tran d6i
xiing nén ma trin B c¢6 du n gia tri riéng thuc.
Goi A € R 1a mdt gia tri riéng cia B Uing véi véc to riéng X # 0. Khi do:

AATz = (A —16)X.

Nhan hai vé ctia phuong trinh nay vé6i véc to X7 ta dudc:

XTAATX = (A - 16)XTX.

Vivay tit X # 0 ta kéo theo réng A > 16. ( 3di€ém) Do do, det(AAT +161,) >
16" = 21", Day la diéu phai ching minh.

Bai 2.12 (DH Tén Trao). Ta xét truéng hop n = 2, ta co:
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(2o +90)* (zo+1)* (w0 + 12)°
D, = (x14+y0)* (z14+y1)* (21 +1y2)?
(w2 +90)* (v2+31)* (22 +12)?
1 2z wg||ve vi v
- O
1 2x, x% 1 1 1
Loxo zg||lye yi ¥
= GO o 2w »n wn
1 x4 x% 1 1 1

=~ Q)6 Hogyeica @i —25) (0 = 3)-

Trong trudng hop tdng quat, 7,7 = 0, 1,2, ..., n, thuc hién mét cach tuong tu
ta co:

D=l = 0 (0) (1)~ (n) IL et v

Bai 2.13 (PH Tay Bic). (a) Rt nhan ti chung ;1;1; 1 tuong tng & cic
dong 2, 3, 4 ta dudc

0 a b ¢ 0 a b c
a 0 ¢ b 1 abc 0  bc? cb?
detA = b ¢ 0 al| a2b2c2| abc ac*> 0 ca?
c b a 0 abe ab® ba® 0

Rut nhan t chung abe, a, b, c tuong ing 6 cac ¢cot 1, 2, 3, 4 ta dudc

0 a b ¢ 01 1 1
1 abc 0 b2 cb? | a1 0 & B et B
a2b2c2 | abe ac? 0 ca? | a22c2|1 2 0 a? | et
abe ab® ba® 0 12 & 0

Vay det A = detB.
(b) Nhan dong thit 2 v6i -1 r6i cdng 14n ludt véi cac dong 3, 4 ta dudc

01 1 1 0 1 1 1
1 0 & v 1 0 c? b?
det5 = 1 2 0 a*>| |0 & = a®>—=b
1 8 a®> 0 0 v a®>—c —b?
Khai trién theo dong thit 2 ta dudc
1 1 1
detB=—| 2 =& a?2—0|=a*+b*+c* — 24207 — 20°% — 2742,

b a®?—c* —b
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Tir d6 ta co
detA = a*+b*+c*—2a*0* —2b* > —2c%a* = —(a+b+c)(—a+b+c)(a+b+c)(a—b—c)

Do a,b,c 1a 3 canh clla mdt tam gidc nén cac nhén tit cla detA déu
duong. Vay detA < 0.

3 HE PHUGNG TRINH TUYEN TINH

Bai 3.1 (PH Déng Thap). Bai toan dudc dua vé im véc t6 x € Qntt dé
Az = (1,0, ...,0)T, trong do6

1 1 1 | 1 .1

ai; — 1 a12 at . Q1p A11 ... Qg

A= as) — 1 92 — 1 .. aoy . Qop A21 ... Q9¢
Ay — 1 (0575} oo Qi — 1 .. A, A1 ... gt

<A R N , A A A A
Bien doi trén cac cot dua ma tran A vé ma tran dang:

1 1 1 e 10 ... 0

ajpr — 1 12 Qa1¢ e Qup 1 0

A, = a1 — 1 99 — 1 .. QAo o Qop 0O ... 0
a1 — 1 (07 e Qi — 1 .. Aty 0 ... 1

Piéu nay chitng té ludn ton tai z € Q"+ d€ Az = (1,0, ...,0)7.

Bai 3.2 (PH Khoa hoc Hué). biéu kién |z| = |y| = |2| = 1 suyra z =
1)z, § = 1/y vd z = 1/z. Tit d6 lay lién hop phuong trinh diu ta dudc
1/x+1/y+1/z=1vado dob zy + yz + zx = 1. Theo Dinh li Viet, x,y, 2z 1a 3
nghiém cta phuong trinh bic ba

—t?4+t—1=0.

Phuong trinh nay c6 ba nghiém la 1 va +i nén (z,y,z) = (1,i,—i) va cac
hoan vi clia chiing.

Bai 3.3 (DH Su pham Ha Ndi 2). Viét hé cho dudi dang AX = L X, trong
dé A € Mat(2014 x 2014, Z).

Theo tinh chét ctia ma trdn nguyén, moi gi4 tri riéng c6 dang inel déu
kéo theo n = +1.

Piéu nay chiing té rang det(A — +15014) # 0. Vi vy, hé phuong trinh da cho
6 nghiém duy nhit X = 0.
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Bai 3.4 (DH Su pham Hué). Goi A 1a ma trin hé s6 ctia hé. Ta c6 AAT =

(@2 + b2+ +d*)E.Dodbdet(A) = Va2 + 02+ 2 +d2. VAiynéua =b=c =

d = 0 thi hé thoa man véi in,(ﬂCl, To, 3, 14). Trong truong hop ngudc lai ta

co det(A) > 0 va hé c6 duy nhat nghiém.

Bai 3.5 (DH Tan Trao). - Ta co

a® + 20+ 2ab+ 2be 2ab + 2bc 2ac + 2b*
2ab+2bc  a?+ 2024+ 2ac+ 20? 2ab + 2bc

2ab + 2bc 2ac + 262 a? 4202+ 2ab+ 2bc
2ac + 2b? 2ab + 2bc 2ab + 2bc a® + 2b% + 2

X? =

- Phuong trinh X? = I, tuong duong véi hé

a?+ 20+t =1 a?+20+ct=1
2ab + 2bc =0 b(a + c) =0
2ac + 2b =0 ac+b? =0
- Giai hé phuong trinh nay ta tim dudc cac cdp nghiém (a, b, ¢) € {(0;0;1),
<0707 1)7(1a0a0)7< 17070) (\2[7{7 \[)7([7 \f _Tz)a( 727_\/7??2)7
(- )
27 27 2 :

4 KHONG GIAN VEC TO VA ANH XA TUYEN TINH

Bai 4.1 (PH An Giang). Kiém tra dudc E, déng v6i phép cong va phép
nhan v6 huéng. Suy ra E, 1a mét khéng gian con ctia Map(R, R). Xét S =
{1,cosz,sinx, cos 2z,sin 2z, . . ., cosnz,sin nx }. Khi do

— Dé thay S la mot tap smh cia E,,.

- Giasu f(z) = ag+ Z (ay, cos kx+by sin kx) = 0, ta chtng minh a; = 0,b; = 0
k=1

v6i moi ¢ bang quy nap nhu sau: V8in = 1, ag+a, cos z+b; sinz = 0. Cho

cacgiatri0, 2, Z tadudc ag = a; = by = 0. Gid st f(z) = ap+ Y (ax cos kz+
k=1

’y 409
b sin kz) = 0, khi do6

n—1

(f" +n%f)(x) = n®ag + Z((n2 — kY ay cos kx + (n? — k)b, sinkx) = 0.

k=1

Theo gia thiét quy nap ta dugc ag, ay, by, as, bs, . .., an_1,bn_1 déu béng 0,
do do,

a, cosnx + b, sinnx = 0.

Cho z cac gia tri 0, 5- 1a dudc a,, = b, = 0. VAy, S la hé doc 1ap tuyén tinh
nén suy ra S la mot co sé cua E,.
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Bai 4.2 (DH An Giang). (a) V6i moi f(x),g(x) € K,,1[x] taco

p(f(2) +9(x)) = o((f +9)(x)) = (f + 9)(z +1)
= [+ 1)+ gz +1) = o(f(2) + @lg(x)),

plaf(x)) = p((af)(z)) = (af)(@ +1) =af(x+1) = ap(f(z)).
VAy, ¢ 1a mot toan tit tuyén tinh.
(b) Ma tran biéu dién ctia ¢ theo c6 sé S 1a

1 111 1

0123 n
[pls=]00 13 - sn(n—1)

0000 - 1

(c) Da thic déc trung cta ¢ la f(t) = (1 — t)""'. Da thic caa ¢ 1a m(t) =
(t _ 1)n+1.

Bai 4.3 (BTC). Mot cach tdm thudng, 0, R® &n dinh dudi tic dong cta f. Ta
sé x4c dinh cac dudng thing va mit phing 6n dinh duéi f. Cha ¥ ring, cic
dudng thang én dinh dudi f rd rang c6 dang Ro v6i v 1a mot vector riéng.
That viy, mot mit, néu Rv (v # 0) 6n dinh dudi f thi f(v) = \v véi A nao dé
nén v 1a mot vector riéng va Rv 1a moét khéng gian riéng. Déo lai, moi dudng
thang c6 dang Rv véi v 14 mot vector riéng hién nhién én dinh duéi f.

DE xac dinh cac vector riéng, ta tinh da thic dic trung ctia f, hay ctia ma
tran A (ma tran da cho):

Py(X) =det(A — XI3) = —X (X +2)°
Nhu vy, f ¢6 hai gia tri riéng 1a 0 va —2. Cac tinh toan don gian cho ta

ker f = Ruy, ker(f 4 21d) = Rus,

trong do v; = (3,1,5)", v (1,—1,1)?
Nhan tién, cac tinh toan nay cho thay f khong chéo hoa dudc. Nhu vay, cac
duong thang 6n dinh duéi f 1a

Rv; = {(3x,z,52)" 2 € R} va Ruy = {(z,—z,2)";2 € R}.

Gia st U la mot mat phéng (khong glan con hai chiéu) ctia R3 n dinh dudi
f. Ki hiéu ¢ han ché ctia f 1én U. R rang, da thic dic trung caa ng pha1 la
wée cta da thic dic trung clia f. Day 13 mét su kién quen biét va c6 thé
dugc chitng minh bang cach chon mét co sé clia R? dudc tao thanh tit mot
co s6 clia U cung v6i mot vector # 0 bat ki khéng ndm trong U: ma trdn clia
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f trong co s6 nay 1a mot ma trin tam giac trén theo khéi v6i mot khéi trén
duong chéo ¢ kich thude 2 x 2 chinh 1a ma trdn ctia ¢ trong mot co s6 cua
U, tlt d6 suy ra tinh chét can chi ra. Quan sat nay cho théy chi c6 2 kha ning
cho Py(X):

Py(X) = X(X +2) hodc Py(X)= (X +2)%

Ta chia ra lam hai truong hgp tuy theo cong thitc cua P,.

— Gia stt Py(X) = X (X +2). Thé thi U bi triét tiéu bdi ¢(¢ + 2Id) va do dé
béi f(f + 2Id). Co nghiala U C ker f(f + 2Id). Theo cong thitc phén tich
hach, do X, X + 2 nguyén tb cling nhau,

ker f(f + 2Id) = ker f & ker(f + 2/d) = Rv; @& Rus.
N6i riéng bao ham thitc U C ker f(f + 21d) = Rv; & Ru, phai 13 mét ddng
thitc. Dao lai r6 rang néu

U=Ruv ®Rvy = {3z +y,z —y,5z+y);z,y € R}

thi U 6n dinh duéi f.
— Gia stt Py(X) = (X + 2)2 Nhu vy, U triét tiéu béi (¢ + 21d)* va nhu viy
béi (f + 2Id)2, hay U C ker(f + 2Id)2. Cac tinh todn don gian cho thiy

ker(f +21d)* = {(z,y,2z +y)'; 2,y € R},
va day 13 mot khong gian 2 chiéu. Mot 14n nita, trong trudng hop nay ta
phai c6 dang thic
U =ker(f +21d)* = {(v,y, 20 + y)'; v,y € R}.

Va d3o lai, day 1a mot khéng gian 6n dinh cta f.
Két ludn, ta tim dugc cac khdng gian con 6n dinh cta f: 0, R3, cic dudng
thang {(3z,z,52)";x € R}, {(z,—z,z)"; = € R} va cdc mit phang {(3z +
y, v —y,5r +y)sx,y € R}, {(z,y,22 +y)' 2,y € R}.

Bai 4.4 (DH Ky thuit Hiu cAn CAND). Khéng gidm tinh t6ng quat, gid st

rang vy, vg, - - - , v, doc 14p tuyén tinh trén R. Khi d6 ton tai Ay, Ao, -+ , A, € R

sao cho
n
Un+1 = E )\kvk.
k=1

Chiing ta sé chiing minh ring \, € Q, Vk. That vy, tlt gia thiét va tlt

92 < Vi, v >= ’Ui _ Uj|2 _ "Ui’2 _ ‘vj|2
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ta nhan dudc < v;,v; >€ Q, Vi, j. Goi A la ma trdn vudng cAp n cb cac
phan ti & hang tht 7, cot thit j 14 A; =< v,v; >, 1 < i,j < n. Gia
SU w; =< V3, Upp1 >, 1 < i < nkhiddw = (w,ws, - ,w,) € Q. Dat
A= (A1, A, -+, A\y). Khi do, ta co

n

< V3, Upy1 >= Z)\i < Vi, V5 >,
k=1

cho ta A\ = w. Do vy, 09, - - - , v, dOc l4p tuyén tinh nén A 13 ma trdn kha
nghich. Gia st nghich dédo ctia A 1a ma trdn A~!. Khi d6, cac phan tit clia ma
trdn A~! 1a cac s0 hitu ti. Do d6 A = A~'w € Q™. Ta c6 diéu phai chiing minh.

Bai 4.5 (DH Ky thu4t Hiu cAn CAND). Gi4 st A 1a ma trin d6i xting, khi d6 ta

c trace(AA") = 3" a?;. Do d6 Ala ma tran d6i x(ing thudc V khi va chi khi A
ij=1

la ma trdn O,,. Vi vy néu goi S la khéng gian tat ca cac ma tran doi xting thi

VNS ={0,}. Talaicé dimS = "2 va v, S ¢ M(n,R) trong d6 M (n,R) la

khéng gian cic ma trAn vudng cAp n nén dimV + dimS < dimM (n,R) = n?.

Vivay dimV < @

Mt khac khong gian tit cd cac ma trin tam giac trén cé chiéu @ thoa

mén cac yéu ciu clia bai toan.

VAy chiéu 16n nhét 6 thé cé ctia V 1a @

Bai 4.6 (DH Pham Vin Dong). a. Gia st ko.1 + k1@ + koa® + - - - + k2™ = 0.
Khi d6 hé phuong trinh

Lko+ x1ky + 23ko + -+ - + 27k, = 0
1.k30+l’2k51 +ZE%I€Q+ —f—ngk?n = O

1/€0 + $n+1k1 +Tp41+--+ $2+1kn =0

c6 dinh thtc

1 = x? - al
1 Lo x2 .- P
2 2 7é 0
1 2 R
Tn+1l Tpa Lp+1

Suy ra hé c6 nghiém duy nhit tim thudng. Do d6 hé déc 14p tuyén tinh. D&
thay ddy la mot hé sinh caa P, nén nd la co sé ctua P,,.
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b. Ma trdn ctia anh xa f la

[0 0 0 --- 0 ]
1 0 0 - 0
0 1 0 0
A= 9
1
o o o ... —
i m+ 1.

Bai 4.7 (DH Su pham Ha Néi 2). 1) Gia st c6 phuong trinh
a()[n + (1114 + ...+ ak,lAkfl =0.

Khi d6, tit tinh chét iy linh ctia ma trdn A nhan ca hai vé trén véi ma tran
AF=1 ta dugce ag = 0.

Tuong tu, ta c6 diéu phai chirng minh.

2) St dung tinh chéit iy linh ctia ma trin A ching minh ring rank(A + A2 +
o+ A2 = rank A va rank(A + A? + ... + A?15) = rankA. (2.5 diém).

Tit d6 suy ra diéu phai chitng minh.

Bai 4.8 (DH Tay Bac). — V6i Yz € V ta c6 f(f? —id)(z) = (f* — f)(z) = 0.
Suy ra
fA(z) —x = (f* —id)(z) € ker f.
baty = f?(z) —x thita dudc z = f*(z) —y € Im f? + ker f. VAay V =
Im f2 + ker f (1)

—‘v’yEImf2ﬂkerf:>{ . Suy ra

y € ker f fly) =0

0=f(y) = f(f*(x)) = f*(2) = f()

Tt doétacoy = f2(x) = f(f(x)) = f(0)=0.VAy Im f2Nker f =0 (2).
Tt (1) va(2)suyraV =Im f2 @ ker f. Matkhactalaicé Im f2 C Im f =
ImfABCImfP=Imf?=Imf.VAiy V =1Im f @ ker f.

y € Im f? {EIIGV:y:fQ(x)

5 GIA TRI RIENG VA VEC TO RIENG

Bai 5.1 (PH An Giang). (a) Ma tran biéu dién ctia ¢ dbi v6i co s8 chinh tic
cua R? la
2 1 -1
A=| -2 -1 3
0 0 1
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— Da thttc dac trung ctia p 1a f(t) = —t(t — 1)

— Cac gia tri riéng ctia p 1a 0, 1.

— VGi gia tri riéng la 0, vector riéng la = = a(1,2,0). V6i gia tri riéng la
1, vector riéng la y = b(1, —1,0).

(b) Chuyrang néu « la gia tri riéng cta ¢ thi o 1a gia tri riéng cta 2. Goi
ai, o, ..., ap la cac gia tri riéng cua ¢, khi do, o, a3, ..., a2 la cac gia

tri riéng cta ¢? = Idy nén
2 2 2 __
o] =05 = --=aq, = 1.

Do d6 a; = £1. VAy tdng cc gia tri riéng cla ¢ 13 mot sb nguyén.

Bai 5.2 (BTC). M dbng dang v6i ma tran dudng chéo

Iy, 0

0 26,.%)
Cé thé chitng minh khang dinh nay truc tiép, hoic théng qua anhxa ¢ : V —
V ttng v6i M. Theo cach tht hai nay, ta c6

(¢ —1dy) o (¢ — 2Idy) = 0.

Pit V; = Ker(¢ — Idy), Vs = Ker(¢ — 2Idy). D& thiy V; N V4 = 0. Ta ciing ¢6
Im(¢ — 2Idy) C V;. Do d6

dim V; + dim V3 > dim Im(¢ — 2Idy,) + dim V5 = n.

Tu dé suyra V = V; @ V,. Chon mot ¢o s cua V) va mot ¢d sé caa V,. Ma
trin ctia ¢ doi véi co sé ctia V hop tit hai co s6 nay c¢6 dang

1, 0
0 21,/
Bai 5.3 (BTC). (i) Vi M 1a dbi xting nén c6 mot ¢d s truc giao la cac véc

to riéng cua M, ky hiéula ey, ..., e,, tng v4i cac gia tri riéng A\, ..., \,. Dat
v==mx161+...+xe, Tacod

() = > vige] Me; _ S /\zx?
Zi,j<€;r7 €j) D i1 T
Tu do suy ra Ay < py(v) < Ao

(i) Ta co

M =

N D
DT P|
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Ma trin dbi xiing N cé cac véc to riéng khong trung phuong u;, u, Ung v6i
cac gia tri riéng pu1, pp. Dat

vlz(ul 0),v2:(u2 0).

Ta co

(0;) = vl Mv;  u] Nu; () = 1,
PMm\V;) = 'UiT'Ui - UZTUz = PN\U;) = U,

v6ii = 1,2. Ap dung két qua phﬁn (i) ta suy ra
A< g < g < g
Bai 5.4 (DH Pham Vin Dong). Goi k 14 gia tri riéng clia ma tran A. Khi d6
AX = kX

chonén A*X = k*X hay k* la gia tri riéng ctia A*. Ma A* = —E nén k* = —1.
Vivay, k ¢ R.

Bai 5.5 (PH Su pham Hué). Do cac b; # 0 nén ton tai dinh thitc con clp
n — 1 caa A khac 0. Tt d6 suy ra rank(A4) > n — 1.

Mt khac, do A la ma trin dbi xting nén A chéo hda dudc. Ta chting minh sb
chiéu clia cac khéng gian con riéng clia A bing 1. That vay:

Goi )\ 1a mét gia tri riéng ctia A luc d6 theo nhén xét trén ta c6 rank(A—\I) >
n—1vadet(A—A\I) = 0nénrank(A—AI) = n—1.Do do dim(Ker(A—\I)) =
n—(n—1)=1.Vay A c6 n gia tri riéng phan biét.

6 DA THUC

Bai 6.1 (DH An Giang). (a) Do p(z) chia hét cho (z—2)(z+2)(2+3) nén suy
ra 2, —2, —3 la cac nghiém ctia p(z), nghia la p(2) = p(—2) = p(-3) = 0.
Ti do tim dudc a = —1,b = 20,¢c = —12. VAy,

p(z) == 2° + 2* — 92° — 2% + 202 — 12.

(b) Ta ¢o Sl =T+ To = 6, SQ = l’% —f-l’% = (131 +ZE2)2 — 2x1T9 = 34, Sg = 198
va
Sk — GSk,1 -+ Sk,Q = O,Vk’ > 3.
Ta c6 Sy, S, Sz khong chia ,hét cho 5. Gia st tén, tai k sao cho S, chia hét
cho 5. Goi m la so0 nhé nhat sao cho S, chia hét cho 5 (m > 3). Khi d6

ta co
Sm = 6Sm—1 - Sm—Q = (Sm—l - Sm—2) + 5Sm—1

= 6Sm—2 - Sm—3 - Sm—2 + 5Sm—1
= 5(Smfl + Smf2) - Sm73-
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Suy ra S,,_3 chia hét cho 5. Vb ly do m 1 sb nh6 nhit ma S, chia hét
cho 5. Vay, v6i moi k, S, khong chia het cho 5.

Bai 6.2 (BTQ). - St dung nghiém phu’c chUng minh dudc cac da thiic
thuc bt kha quy gdm da thtic tuyén tinh va tam thitc bic hai khéng c6
nghiém.

- Co6 phan tich

P(z) = Py(2)Q(x)
trong d6 P, (x) 1a tich l{iy thita bac chin clia cac da thitc bac nhét, Q(z)
la tich cac tam thiic bac hai khong c6 nghiém, noi cach khac c6 dang
(ax + )% + ¢ v6i ¢ # 0.
- St dung ding thtc
(A% + B*)(C* + D?) = (AC + BD)*> + (AD — BC)>.

Bai 6.3 (BTC). Xét cac da thitc (X — z)¥,k = 1,2,...,n — 1. Theo gia thiét,
véimoil <k <n-—1,

Nhu vay,

sp=(zn—20)"+(—20) 4+ +(zn—2)"=0VI<k<n-—1

Ky hiéu o, cac da thiic dbi xiing co ban clia 21 — 2o, 22 — 20, - - . , 20 — 20, dinh
nghia bdi

(X = (21— 20)) -+ (X — (20 — 20)) X”+Z 1)io; X",

Ta nhéc lai cac hé thic Newton:

Sp— 01851+ + (=D siop 1 4+ (= 1) ko = 0,V1 < k <n— 1.

Nhu véy, néu si,...,s,_; = 0 thita cd

o,=0,V1<k<n-1.

N01 cach khac, z; — 2o, ..., 2, — 20 1a cac nghiém cuta da thitc X" + (—1)"0,,.
Diéu nay cung co nghla la chung la cac can bac n cta o, va do dd la cac dinh
clia mot da gidc déu trong mit phang phiic.

Bai 6.4 (DH Pbng Thap). Tit da thiic f(z) hé sb thuc ta b f(z) = f(Z), nén
ta ¢ diéu phai chiing minh.
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Bai 6.5 (DH Hai Phong). Ro rang 0 khéng phai la nghiém caa da thic P(z).
Budc 1. Gi6 ta chltng minh da thitc P(x) ¢6 it nhat mét nghiém hitu ti. That
vay, theo dinh ly Viet ta c6

T1+ 22+ 23 = —a,
T1To + Tox3 + X301 = b

Theo gia thiét m = x1/x2 € Q. Thay ¥y = maq, x3 = —a — (m + 1)x, vao
phuong trinh th hai ta dugc

(m* +m+ 1)z +a(m+ 1)z, +b=0.

VAy 2, 13 nghiém ctia da thitc v6i hé s6 hitu t Q(z) = (m2+m+1)22 +a(m +
)z + 0.

Chia da thitc ta c6 P(z) = Q(z)(ax + B) + mx +n, v6i o, f,m,n € Q, a # 0.
Din dén mazy + n = 0. Néu m # 0 thi 2, = —n/m 13 sb hitu tf. Néu m = 0
thin =0va P(z) = Q(z)(azx + ), chliing té = — 3/« la nghiém hitu ty cta
P(z).

Vay trong moi truong hop thi da thiic P(x) déu c6 nghiém hitu ti.

Budc 2. Néu da thitic P(z) c6 nghiém hitu ti thi moi nghlem khac ctia né déu
13 s6 hitu ti. Do d6 cac nghiém z;, 25, 25 clia P(z) déu 13 sb hitu ti.

Bai 6.6 (DH Khoa hoc Hué). Gia st a € C 1 nghiém phitc chung ctia f va g.
Goi P 13 tp tht ca cac da thic hé sb hitu ty nhan o lam nghiém. Ta ¢6 P # (
vi f,g € P. Goi p € P la da thic c6 bac thip nhit v6i hé sb bic cao nhét
béng 1. St dung phép chia Euclide, dé théy moi da thac thuée P déu chia
het cho p. Noi rleng, f va g chia hét cho p. Vi f va g déu bat kha quy va co hé
s6 bic cao nht bing 1 nén ta phai ¢6 f = g = p. D6 1a diéu cin chitng minh.

Bai 6.7 (DH Pham Van Ddng). Gia st "1a nghiém hitu ti caa P(z) suy ra r|a
s

va s|a cho nén r, s 1a cac s6 18. Vi vay, s — r 12 sb chén.

Ta c6 P(x) = (sx — r)q(z) va P(1) = 2a+ by + by + --- + b, cho nén P(1) la
s6 1. Mat khac lai ¢6 P(1) = (s — r)q(1) suy ra (s — )| P(1). Diéu nay 1a mau
thuan véi s — r chan.

Bai 6.8 (DH Pham Vin Déng). it f(z) = P(z) — 1 khi d6 f(a) = f(b) =
f(e) = 0 cho nén q,b, c la cac nghiém cta da thic bac ba f(x). Do d6 hé s
cao nhat la

S ||

1 n 1 . 1
a(a—b)(a—c) bb—c)(b—a) c(c—a)(c—Db)

m =

thda man yéu cau bai toan.
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Bai 6.9 (DH Su pham Ha Noi 2). D& thiy P(1) = a trong d6 a thda mén
phuong trinh a® — 2a — 2 = 0.

TH1. Néu P(z) 1a da thiic hing. Khi d6, d& thiy da thitc P(z) = a trong dé a
la nghiém phuong trinh a? — 2a — 2 = 0 théa man.

TH2. Néu P(z) 1a da thitc khac hing. Khi d6 ta c6 thé viét P(z) = (z —
1)"Pi(z) + a, Pi(1) # 0. Thay dang nay vao phuong trinh ban dau ta dudc
phuong trinh:

(x — V)P (x) + 2aP(z) = 2(2x + 2)" P (22% — 1)..

Thay = = 1 vao phuong trinh nay ta dudc Py (1) = 0 hodc a = 3". C4 hai diéu
nay déu khong thé xay ra. .
Vay truong hgp nay khong ton tai da thiic P(x) trong truong hgp nay.

Bai 6.10 (PH Su pham Hué). Biéu dién m = 3k +r van = 3l + s, v6i
kileNrseNva0o<rs<2Khidoaz™+2"+1= (2% —1)2" + (2% —
Da® + 2" + 2+ 1.

Vi 2% — 1 va 2% — 1 cting chia hét cho #* — 1 = (z — 1)(2® + = + 1) nén
2™ + 2" + 1 chia hét cho 2% + = + 1 khi va chi khi 2" + 2° + 1 chia hét cho
w?+ 1+ 1.

Do r, s € {0,1,2} nén 2" + z* + 1 chia hét cho #% + z + 1 khi va chi khi
r=2s=1hoacr=1,s=2.

Mat khac mn — 2 = (3k +r)(3l + s) — 2 = 3(3kl + ks + Ir) + rs — 2. Nhung
rs — 2 chia hét cho 3 khiva chikhir =2,s =1 hodcr =1,s = 2.

VAy 2™ + 2" + 1 chia hét cho 22 + 2 + 1 khi va chi khi mn — 2 chia hét cho 3.

Bai 6.11 (PH Su pham Hué). Néu f(z) 13 da thitc hing thi khing dinh hién
nhién dang. Biy gio ta gia su f(z) la da thic c6 bac duong. Khi d6 f(x)
lubn phén tich duge thanh tich ctia cac da thitc bAc nhét hodc da thic béc
hai khong c¢6 nghiém thuc. Ma f(z) > 0,Vz € R nén ta c6 thé phan tich
f(z) = g(x)*h(z), trong d6 h(z) la tich caa cac da thic bic 2 khong co
nghiém thuc.

Xét da thtic t(x) = z* + pr + q v6i p* — 4q < 0. Ta ludn phén tich dugc t(x)
thanh tong binh phuong ctia 2 da thitc nhu sau

x2+px+q:(x+g)2+( q—Z)Q.

Mait khac, v6i moi da thtc f, fs, f3, f4 ta co

ST+ BT+ D) = (Aifs+ fof)? + (fifs — f2f3)*

Do dé f(z) = g(x)?h(z) ludn cé thé dugc phan tich duge thanh tong binh
phuong cta hai da thitec.
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Bai 6.12 (DH Tan Trao). Dat

Ple.y) p(z) — p(y)

r—y

x‘ J—
Qz,y) = a(@) = aly) i-—z(w ="+ 2%y + 2%+’ +yt o+
Ta phai tim cac cip s6 phitc w,z théa min P(w,z) = Q(w,z) = 0. Ta ¢6
P(w,z) — Q(w,z) = 0, suy ra w + z = 1. bat ¢ = wz. Do dd, tu dang thtc
P(w, z) = 0 ta c6 phuong trinh:

=+ 2y + 2P+t oyt + 1

A —3c+2=0c=1c=2.

Khi d96, giai hai hé phuong trinh
w+z=1 w+z=1
wz =1 wz = 2
ta thu dudc cac cip sb w, ~ théa man yéu ciu bai ra

(1:l:i\/§'1$i\/§) <1i¢\/7_1q:z'\/7>

2 2 2 2

Bai 6.13 (DH TayBéc) (a) Gia st |f( )| < 1 v6i moi x thda man |z| < 1.
Thay lan ludt z = 1; 2 = —1 ta c6 hé bét ddng thiic
44+a+b+c<1
=b< -3
—4+a—-b+ec>-1

\ 1 1 s N A 2 .
Thay 1an lugt x = 31T =5 ta c6 hé bat dang thic

Tt dé suy ra b = —3. f(x) = 42® — 3z + az’ + ¢,
Lai thay # = 1; 2 = —1 ta c6 hé bat dang thic

TSV =0
a+c>0 are=



6. DA THUC 87

(b)

\ 1 1 s N A 2 7

Thay lan lugt x = $T="5 ta c6 hé bat dang thuc
Z—l—c}O a

a =—+c=0 (2)
Z—FCSO 4

Tt (1) va (2) suyraa = ¢ = 0. VAy f(z) = 423 — 3x. Thit lai v6i |z]| < 1
thi dat x = cost ta sé co

|f(z)] = |42° — 3z| = |4cos®t — 3cost| = |cos 3t| < 1

Gid stt o = a+bv/2;a,b € Qla nghiém ctia da thitc f(z) = 2" +a,_ 12" '+
... + ayx + ag; (a; € 7), thi s6 @ = a — by/2 cling 1a nghiém cta f(z). Suy
ra da thtic (z — a)(x — @) = 2% — 2ax + a® — 2b* 1a u6c cha f(z) (trén R)
va do d6 f(x) phan tich dugc thanh
f(z) = (22 —2ax+a*—26*) (2" 2+ b2 P+ .. +b, o) ;b €Ri=1,...,.n—2
Khai trién vé phai rdi déng nhit hé sb ta co

bl —2a = Ay —1

bz — 2ab1 + Cl2 — 2[)2 = Ap—2

bn_Q(CLQ — 2b2) = Qo
Vicacsd a, b, a;; (1=0,..,n—1) déu 12 cac sb6 hitu ti nén cac sb by, by, ..., by_o
la hitu ti. Quy déng mau sb6 cac hé so cua da thitc 22 — 2ax + a® —
202, 2" 2 4 by + .+ by_p va viét f(z) duéi dang f(z) = Bg(a:)h(:c)
q

trong do Py phén sb tbi gian va g(z), h(z) 1a cac da thitc nguyén
q

ban v6i hé s6 bic cao nhat déu duong. Vi f(x) la da thlic ¢6 hé so

nguyén, hé s6 cao nhit bang 1 suy ra P _ 1 pidu nay ching té rang

q

g(z) = 2? — 2ax + a® — 2V* € Z|[z] hay 2a va a* — 2b* 1a cac sO nguyén.

Suy ra 4a*; 4a® — 8b* € Z = 8b* € Z.

Ta viét a dudi dang a = % v6i m nguyén va b duéi dang phén sb tbi gian

I—),q > ( thi ¢* 1a udc cia 8. Tit d6 ¢ = 1 hodc ¢ = 2.

q

m2

KhiqzlthibeZVéa2—262:I—2b2:c€Z

:>m2:4(2b2+c):>m32:>a:%62.

. \ 2_2 2 \ A A \ A <
Khi ¢ = 2 thi a® — 20 = % la sO0 nguyén suy ra m va p déu chan

diéu nay dan dén a va b nguyén.
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Bai 6.14 (DH Tay Bic). 1. .Ditz = v2+ V3 = 22 = (V2+V3)? =
54+2V6 = (22 —-5)2 =24 = 2 — 1022 +1 = 0. Suyra v2 + V3 1a
nghiém ctia da thiic p(z) = #* — 10z + 1. Ta ¢6 p(x) bat kha quy. Thét
vdy, do p(z) khong c6 nghiém hitu ti nén p(z) khong c6 nhan t bac
nhét, suy ra nhn t clia p(z) néu ¢ phai cb béc 2.

Gia st rang p(z) = (22 + azx 4+ b) (2> + cx +d) (1), do p(z) € Z[z] nén
ta c6 thé gia thiét a, b, ¢, d nguyén. Khai trién vé phai caa (1) roi déng
nhét hé s6 ta dugc

a+b=0

b+d+ac=-10

bc+ad =0

bd =1
Do hé khéng c6 nghiém nguyén nén p(x) khéng c6 nhén t bac 2. Viy
p(z) bit kha quy. Gid st f(z) = anz™ + an_12" ' + ... + a12 + ag € Z[7]
nhin v/2 + /3 1a nghiém thi f(z) chia hét cho p(z) trén Q, vi néu
ngudc lai thi (p(z), f(z)) = 1 khi d6 ton tai cac da thiic véi hé s6 hitu
ti u(x),v(x) sao cho f(x)u(z) + p(x)v(z) = 1. Thay = = v/2 + /3 vao
dang thitc trén sé gip maiu thuin 0 = 1. Tit 46 f(«) phén tich thanh

flx) = (2" =102 + 1) (by_az" ™+ . 4 bz +bo); b € Qk=0,...,n — 4
Khai trién vé& phai va déng nhat hé sb ta dugc
( bo = ag

by =ay

bok1 = Qopt1

b, — 10bas—2 = ay,
VE>1

\

Do céc a;;i = 0, ...,n déu nguyén suy ra cac by; k = 0, ...,n — 4 nguyén.
VAy f(z) € Z[r] nhan v/2 + /3 1a nghiém khi va chi khi f(z) c6 dang:

f(x) =p(z)g(x); 9(z) € ZIx].

2. Tit gid thiét ta c6 f(z) = &g(r) — 2 c6 3 nghiém 1a 1, 2, 3. Do d6 f(z)

viét duge dudi dang f(x) = %@ —1)(z —2)(x — 3)(z — a). Suy ra

F12) + f(=8) = 1—%(11.10.9(12 —a) +11.10.9(8 + a)) = 11.9.20 = 1980.

Suy ra
9(12) +g(=8)

0 = 1980 + (12 — 8) = 1984.
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7 TO HOP

Bai 7.1 (DPH An Giang). Ta tao mét ludi cac 6 dudgc tao béi 9 dudng doc va 3
dudng ngang. Do mbi diém déu dudc t6 bdi mau xanh hoic dé nén cac diém
nit dugde t6 mau xanh hodc dé. Xét 3 nat trén mot dusng doc, do mdi nit
c6 hai cach t6 mau nén cé 23 = 8 cac t6 mau. Viy mdi dudng doc cb 8 cach
t6 mau. Ma c6 9 dudng doc nén ton tai it nhit 2 dudng c6 cing mét cach t6
mau. Gia st do 1a hai duféng doc a; va a,. Do mbi diém chi dudc t6 mot trong
hai mau nén trén a, c6 2 diém nut duge té ciing mau. Do doc a, to g1ong ay
nén sé c6 2 diém nut dude t6 cing mau véi hai diém nat trén «;. Bé6n diém
cung mau nay tao nén mot hinh chit nhat.

Bai 7.2 (DH Quéng Binh). Game tht s6 2 luén théing vi:

Xét ddng du modulo 2 thi trd tré thanh: game thi s6 1 dién sb 1, game tha
s6 2 dién sb 0 vio ma tran. Pinh thuc thu dudc cubi cling bang 1 thi game
thi 1 sé thing va ngudc lai game tht s6 2 thing.

Chu v rang, khi thay d6i cac dong va cac c6t thi dinh thic chi thay di dau
nén nod khéng thay déi tinh chit chin 1é. Vi vy ta 6 thé gié sit game thu thi
nhét dién vao 6 a. Khi do ngu‘Ol choi thi hai dién vao & as..

sau buée dién t1ep theo cta game thua thu nhét con it nhit 3 trong 4 6
@12, G21, A3, A3z SE CON trong. Game tha sb hai sé dién vao mot trong ba 0
do6 sao cho cung véi 0 as, tao thanh 1 dong hoac 1 c6t ma khong cé gia tri 1,
ching han dién vio as;.

* % =
* O *
* O *

Diéu nay bit budc ngudi choi thit nhit phai dién vio 6 ay; trong budc tiép
theo dé tranh dinh thitc ¢c6 mot hang toan phan ti 0.

E =
* O ¥
* O ¥

Lic nay truée khi game tht thit hai chai tiép ta cé 5 kha ning c6 thé xay ra
nhu sau:

1 *x * 1 1 = 1 % 1 1 * * 1 *x *
1){1 0 0[;2){1 0 0[;3)|1 0 0[;4){1 0 0[;5)|1 0 O
1 % % * k% * ok %k * 1 =% * % 1

- Kha ning 1) ngudi choi thi hai chi cAn dién vio 6 a;, thi game tht tht nht
phél chén 261la aso va ai3.
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- Kha ning 2) ngudi choi thit hai chi can dién vao 6 as; thi game tha tht nhit
phgll Chén 201la aso va ai3.
- Kha ning 3) ngudi choi thi hai chi cin dién vio 6 a3, thi game tht thi nht
phai chédn 2 6 1a a;, va ass.
- Kha ning 4) ngudi choi thi hai chi cin dién vio 6 a3, thi game th thi nhit
phél Chén 201a ai2 va ass.
- Kha ning 5) ngudi choi thit hai chi cin dién vao 6 a;» thi game tha tht nhit
phai chdn 2 6 1a a3 va as,.

Bai 7.3 (DH Su pham Ha N6i 2). Ham sinh cho cac lua chon cta z;, 24, 73, 74
chobdi, vicacl < z; < 17:

(r) =2+ 2> +.. +2'
B(x)=x+2*+ ...+ 2"
(r)=x+2*+.. +2'
D(x) =2+ 2>+ ...+ 2"

Khi d6, ham sinh cho su lua chon b6 nghiém ctia phuong trinh da cho la:

G(z) = A(2)B(2)C(x)D(x) = (24>t t2') = 2 (1—2 T (1o ta+.)"

Vi vy, sb 16i gidi clia phuong trinh d4 cho tuong ting 1a hé s6 clia #%° trong
khai trién trén. Do d6 né xac dinh bang hé sb clia ' trong khai trién cda
(1+z+22+..)%

Vi v4y, s6 16i gidi ctia phuong trinh di cho bang C16.

Bai 7.4 (DH Tén Trao). D€ chitng minh ding thiic nay ta gidi bai toan sau

bang hai cach.

Bai toan. Pém sb cdch thanh ldp mét ban dé thi ¢é n thanh vién tir mét nhém

c6 n gido vién Todn, n gido vién Tin sao cho Truéng ban dé thi luén la gido vién

Todn.

Cach 1. Chon Trudng ban trudc.

- C6 n cach chon Trudng ban 1a 01 gido vién Toan;

- Con lai 2n — 1 thanh vién. Trong sd nay chon ra n — 1 thanh vién dé thanh

l4p Ban dé thi ¢6 n thanh vién. S6 cach chon n — 1 thanh vién con lai 13
2n —1

)

Theo quy tic nhén, sb cach thanh 14p thda mén yéu cu la
<2n — 1)
n .
n—1
Cach 2. Chon k thanh vién Toan truée va chon Trudng ban tu & thanh vién
nay, 1 < k <n.
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-Co ( k) cach chon £ thanh vién Toan tt nhom c6 n gido vién Toan. Khi do

sé cO k cach lua chon Trudng ban.
- Chon tiép n — k thanh vién con lai tt nhém c6 n gido vién Tin. SO cach chon

Theo quy tic nhan, sb cach thanh 14p mét Ban dé thi ¢6 k gido vién Toan va
Trudng ban ludn la gido vién Toan la

2
k(Z) k=12 ..n

Do d6 theo quy tic cong sb cach thda méin yéu ciu la
n n 2
>k(y) -
k=1
Hai cach dém khac nhau, nhung cho ta moét két qua giéng nhau, suy ra

(-2



CAC BAI DE XUAT: GIAI TicH

1 DAY SO

Bai 1.1 (DH An Giang). Do a,,;; — a, = —a? < 0, v6i moin € N, nén suy ra
(a,) la day giam. Mat khac a,, > 0,Vn € N nén déy (a,) ton tai giéi han hitu
han. Qua giéi han phuong trinh

_ 2
Up+1 = Qp — Ay,

ta dudc lim a, = 0. Mat khac, ta c6

n—00
1 1 Qp — Apt1 ai 1
An1 G An+10n (a'n - a'n) Qn 1- Qn

Ap dung binh 1y trung binh Cesaro, ta dudc

) 1
lim — = 1.
n—o00 Na,,

Vivay lim na, = 1.
n—oo

Bai 1.2 (HV An Ninh). +) Trudc tién ta chitng minh bat dézmg thic
[t — 12 < 22F2 L — 1| vt € R.

That vay, khi ¢ = 1 thi bAt dang thitc hién nhién ding.

_1)2k+1
VGi t # 1 xét ham f(t) = %, thi f(¢) lién tuc trén R ~\ {1} va
py = @GR 1) (2 — 1) — (2k + 1) (¢ — 1)+
= (t2k+l _ 1)2
(2k + 1)(t — 1)% (2 — 1)
(t2k+1 _ 1)2 :

Nhu thé diu ctia f/(¢) 1a ddu ctia (1% — 1) v6i ¢ # 1. Ta thay
f'(t) > 0khi —0o <t < —1hodc1 <t < +o0,
f'(t)<0khi—-1<t<1
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F1(=1) = 0va f(—1) = 2%,

Lai thiy
. B ' - (t _ 1)2k+1 e (t _ 1)2k B
JAm () =11 £(2) = lim =t = lim ——p— = 0.
Do d6 suy ra
(t— 1)+ it — 1 o
ng(t):m<2 = m<27vt7§1

din dén c6 bat ding thiic cAn phai chling minh.
+) Tiéep theo ta chitng minh bat dang thiic

|SL‘ o y|2k+1 < 22k|x2k+1 _ y2k+1|,V$, y € R.
That v4y, khi y = 0 thi b4t ding thtic hién nhién ding.
/7. \ A 2 s ~ ’ . 2 A 2 A v X
V6i y # 0, thi trong bat dang thiic da chitng minh 6 trén ta chi viéc dat ¢t = —
()
la suy ra bat dang thiic can phai chiing minh.
+) BAy gio trd lai bai toan da cho, ta coi x = a,, , y = b, thi dugc

0 < |an . bn|2kz+1 < 22k|a721k+1 o bik+1|,

1
2k 2k+1
2k+1 _ p2k+1
<0< |ap, — by| < 2%+ |a b :

Cho n — oo ta duge lim (a, — b,) = 0. Két hop véi gia thiét lim (a, +b,) = 0
n—oo

n—oo

ta dan t6i lim a, = lim b, = 0

n—o0 n—oo

Bai 1.3 (PH Béch Khoa Thanh phé H6 Chi Minh). (a) Ta c6

n+1_,,  2n+1

(), ="——u, €Z
ntl T el

n —
CZn—i—l -

Mit khac (2n + 1,n + 1) = 1 nén —=

€.
n+1
X 1 A 4 2
(b) Dé thay u,,1 = iun < 4u,,.
n+1

T u; = 2 < 4, dung quy nap dan dén w,, < 47, v6i moi n. Viy lim Un _

n—o00 Q"
0.

Bai 1.4 (HV Coéng nghé Buu chinh Vién thong). Ta cé

n—+1 >0
n+2)! '

Tnt1l — Tpn = (
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Do vay, x,41 > ©, Vn=1,2,---,2013. Nhu vay
0<.T1<.T2<"'<ZE2014.
Khi d6

1
Too1a < V[E? + ZL’g’ + -+ I3014 < 2014"1’2014.

Cho n — +o00. Ta col = 2014
Mait khac, ti

L | 1
K+ K (k+1)!
suy ra
1 1 1 1 1 1
:]_—— R — e __—:1_—
n= =gt G gt G CES]
Do vay
1
$2014:1—m-
Suy ra
B 1
2015!

Bai 1.5 (PH Déng Thap). V6i mbi k > 1, ta cb
(1)

ap — Qg—1 = 2 (akq - ak72)
_ (=1
—m(aku - akf?))
-1 k—1
_( /2! (ax — ao)
-1 k—1
:( k:>! 2014.

Cho k nhan cac gia tri tit 1 dén n va cong n dang thic lai, ta dugc:

_ (=1 — (—1)F
ap — ap = 20142 = —20142 o
k=1 k=1

Suy ra li 1—2014 % (=1
m a, =1-— .
o ok

00 k
s

Mitkhic, e® = S = =1+ 3 .
= k! ,;1 k!

. & (—1)*
me:—l,tadu’oce*l—lzz( )
=1 k!

Do d6 lim a, = 2005 — 2014e~".

n—oo
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Bai 1.6 (PH Hung Vuong Phti Tho). Xét ham sb
f(z) =20141n(2? + 2015%) — 2015* ,z € R

= fliéntuctrén Rva z, ., = f (xn).zrgei 4cc')
! T /
f(x) = 201413 20152 = |f'(z)] < 2015
Xétham s g(z) =z — f(z), z€R
= ¢(z)=1—f'(x) >0 VzeR = g(z) ddng bién va lién tuc trén R.
Ta ¢6 g(0) = —£(0) = —20141n(20152) + 2015 > 0.
va g(—20152) = —20141n(20152 + 2015%) < 0.
= ¢(0).g(—20152) < 0 = 3¢ € (—20152;0) théa man g(c) = 0.
Do g déng bién nén ¢ 1a duy nhét
= Jlc € (—2015%0) théa man f(c) = c.
Lai c6: z,41 = f(z,) nén véi mbi n ton tai ¢, nam gitta ¢ va z,, théa méan :

f(xn) = f(c) = f'(qn).(zn —©).

2014
N ol < 2222 _
= ’xn+1 C’ ‘f (qn)|‘xn C‘ — 2015’1'” C|'
N 20 <oz (2014)n_1| ’
Tn A= 50p nt TA == 1) LT A

Cho n — oo ta dugc |z, — ¢| — 0

= lim z,, = c.
n—o0

Bai 1.7 (PHKH Hué). «) D& dang chiing minh bing qui nap.
b) Vi ca hai nghiém ctia phuong trinh 22 — 2015z + 1 = 0 déu duong va phan
biét, ta cé thé gia thiét p > ¢ > 0. Chi ¥ rang
py1 P+ ¢
aay...a, (pP+qQ®>+¢)...(p¥" " +¢ )
_ »— )@ +¢*)
P-+a@*+¢) ... (0" + )
_ =9 +¢*)
p2” _ q2" :

Lai do % < 1tasuyra
. Ap+1
lim ——— =p—q.
n—+00 4149 ...y
Bai 1.8 (PH K§ Thuat Hiu Cin CAND). Ta chitng minh rang cac gia tri a, b
théoa man a > b > 0 la cac gia tri can tim. That vy, néu a < b thi v6i day
z, = (2)", ta co

. . b n+1 b ny __
lim (ans1 = ban) = lim (a(-)"" = b(=)") =0,
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tuy nhién

limz, = lim(=)" = +o0.
n—00 n—oo @

V6i a = b thi xét day z,, = 1+ 5 + & +--- + = théa man

a:O

Ao = ben) = fim

nhung
1 1 1
limwz, = lim(14+ -+ 5 +---+ —) = 400.
n

V6ia > b. Datl_ = liminfxz, val, = limsupz,.
n—oo n—oo

Ta co

0= lim (axp41 — bzy) > limsup(ax,i1) + limsup(—bxy,)
n—00 n—o0 n—oo

= aly — liminf(bx,)
n—oo

—al, —bl_.
Doddl, <2l .Dol_<l;,néntacdl,y <2l vadoddl <, <0.
Tuong tu, tacé - > 2/, Dol <l ,néntacdl_ > 2l viviyl, >1_>0.
Do d6 I, = I_ = 0. Ta ¢ diéu phai chiing minh.
o 2(u, - 1)
 2015u, + 2017

Bai 1.9 (PH Pham Vin bong). + Tinh u,,; — 1

4032(u,, 4 1)
2015u,, + 2017

+ Tinh Upy1 + 1=

Suy ra
Uppr —1 1w, —1
Upp1 + 1 2016w, +1°
bat
Uy — 1
Yn = w + 1
thi
B 1 o 1
Yn+1 = 2016yn e T 2016ny1
Ma y; = L nén = !
Y=g B = 5 o016m
Cho nén )
In = 3 9016n1
Vi vay,

—y,—1  3.2016" ' —1
Yo —1  3.2016n1 4 1°

Up =
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Bai 1.10 (PH Pham Vin Déng). Viét

1 1 1 1
Snz—( - +~~+—)
n 1 22 n2
Vi- 4-= Vi
1

Xét ham sb f(z) =

trén doan [0; 1] va phan hoach doan [0; 1] bang

V4 —x? .
cac diém chia c6 d6 dai bang nhau va bang —. Khi dé S, 1a tong tich phan
n

tht n ctia ham sb. Do dé

™

1
1
limS, = | ————dz = —.
m /0 4_x2$ 1

Bai 1.11 (DH Quang Binh). Ta c6

an + bn\/§ = (ap—1 + bn—1\/§)2 = (ap—2 + bn—Q\/§)22 =.= (a1 + 171\/§>2n_1 =
(3+2v2)*" " =(V2+1)* ,VneN.

Tudng tu ta ¢b a, — b,v/2 = (v2 —1)*",¥n € N.

Suy ra
an = 3(V2+1)"" + (V2 - 1))
b= s (VZ+ 1P — (VE— 1))
Mit khac
2n (\/§+ 1)2n 2"n n
2 b, < Wa, < V2+ 1.
44/2 Van
n 2”
va lim 2 (\/5;1): limﬁ——i_}:\/ﬁ—i—l
n—00 4\/5 Nn—00 (4\/§)QT
nén
lim %/b, = lim 2/a, = V2 + 1.
n—oo n—oo
Lai co
62 bS anrl anbn
a109...0y = — ——... = .
. 2by 2by " 2b,  2n
Do do:

n—o0 n—oo n—00

Vi lim %/4 = lim (—) =1.

n nbn . n om !
lim %/ajas...a, = lim ° azn = lim %/a,.*\/b,. 2\/2—n = (\/§—|— 1)%.

n—oo
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Bai 1.12 (PH Qudng Binh). Tl céng thic truy hoi ta c6

x1+x2+ T, n-+1
— 4+ =4+ ...+ — = Tn
1 2 n 2
va T T T n
1 2 n-1 _ 1
T‘i‘?—i-...—l-n_l = 2In_1

Trit titng vé hai ding thic ta dugc:

T, (n+ 1Dz, nzr,

= - > 3.
n 2 y =
e n+1 1 n n?
Khi do: Ty < 5 — E) = 55(7'”_1 > Tn = mflfn_l
V6i moi n > 3, ta co:
n? n? n? (n—1)2
Ty = ————Tp_1 = Ty = T
n2+n—2"""m-1)n+2""" h—=D0m+2)(n—-2)(n+1)"""
n? (n—1)2 32 4.3n
Ty = . =Ty = To
(mn—1)(n+2) (n—2)(n+1) 2.5 2(n+2)(n+1)
2015n

- ,Vn € N*.
(n+2)nt1)

Do dé lim (2015 + n)x, = 2015.

n—oo
Bai 1.13 (PH Su Pham Ha Nbi 2). Theo gia thiét suy ra
Ti— X1 > Tig1 — Ty Val <z; <1, Vi=1,2,...
Gia st k 1a s6 nguyén duong bay ky, v6i moin > k ta c6
Tp — Tyl 2+ 2 Tp—1 — Ty
Suy ra
T — Tp = T — Tl + Tha1 — Tha2 + -+ Tpg — T < (0 — k) (Tp — Tpy1) -

Hay

Ty — Tp
n—k
Ma0<uz <1, Vi=1,2,..suyraz, —z, > —1. Két hop véi trén suy ra

T — Thy1 =

T — Tn, —1
Tp — Tpt1 2 > :
* n—k n—=k
Cho n tién ra vO cung, ta suy ra

Tp — Tpqr = 0.

Hay day {z,} la diy don diéu giam va bi chan dudi. Vi vay, day {z,} 1a day
hoi tu.
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Bai 1.14 (PH Su Pham Hué). Ta ¢

Tpya =1+ \/(1 + 2z, —22)(1 — /2x, — 22)

=1+ |z, —1].

Do d6 x,, > 1 v6i moin > 2.
Ta xét 3 truong hgp sau:
i) Néuz; < 1thi
T néun=1
2, =<{ z, néun chin
25 néunlé n>1.

Dy hdi tu néu z, = 3 = 252, c4c trudng hop con lai day phan ki. Khi d6
q = 222
Y2,

ii) Néu z, = 1 thi

1 néunlé
Tp = A g
2 neéu n chan.

Day trén phan ki.

iii) Néu z; > 1 thi z,,,» = x,,. Day hoi tu néu va chi néu z; = 2, = 24

=

Bai 1.15 (PH Su Pham Hué). Vi f lién tuc tai 1 nén v6i moi ¢ > 0, ton tai
d € (0,1)sao cho —e+ f(1) < f(x) < f(1) + ev6iz € (4,1]. Taco

1

/nac”f(x)dx = /Jna:”f(x)dx—l—/nx"f(x)dw.

0 é

1

Mt khéc,

n+ 1'%{% /()]

5
0< \/nx"f(x)dm[ < gt
0
va

n
n+1

(=8 e+ f(1).

n +

(1= 6" (—e+ f(1)) < /n:c”f(x)da: <

1
Cho n — oo, ta dugc —e + f(1) < lim [na"f(z)dz < f(1) + €. Vietliy y nén

ta c6 duge két qua cin tim 13 f(1).
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2 HAM SO
Bai 2.1 (PH An Giang). Liy 2, € R, ddt 2,4, = f (2,),n > 1. Taco

[ (@) = 2] < g (2n) =g (f (zn)), V0 € N

& |Tpgr — 5(7n| <g (In) - g(Tpy1),Yn € N*

Suy ra day (g (z,)),, 1a day gidm va bi chan dudi nén hoi tu. Do d6 (g (x,.)),,
la day Cauchy. Mét khac, do |z,.1 — 2,| < g (2,) — 9 (xna1),Vn € N* nén

1 Trip — Tn| < |Tnip — Tngp-1| + -+ [Tnp1 — T

< g9 (@) — 9 (Tntp) <19 (Tntp) — g ()|, V0, p €N
Suy ra (z,) la day Cauchy nén hdi tu. Goi ¢ = lim z,, ta dudc f (c) = c.
n—oo

Bai 2.2 (DH Béch Khoa Thanh ph6 H6 Chi Minh). Xét ham g : [0,1984] — R;
g(z) := f(x) — f(x+31). Ta thay g lién tuc trén [0, 1984] . Ti tinh lién tuc
ctia g nén co thé gid st ¢ < 0 hodc ¢ > 0 trén [0,1984], vi ngugc lai thi
ta c6 két ludn bai toan. Gia stt g (z) < 0, v6i moi = € [0,1984]. Dan dén
g(1984) = f(1984) — f(2015) < 0, nén f(1984) < f(2015) = f(0). Thém
ntta f(0) < f(31) < f(2x31) < ... < f(64x31) = f(1984). Mau thuan
dan dén gia st khong xay ra. Ta c6 diéu phai chiing minh.

Bai 2.3 (HV Coéng nghé Buu chinh Vién thong). Do f(z) lién tuc trén [0; 1],
nén ton tai cac so 1, z2 € [0; 1] sao cho

f(z1) = min f(z) : x € [0;1], f(z2) = max f(x) : x € [0; 1].
V6i g(z) > 0 ta cd

g(z)f(x1) < g(@) f(z) < g(x) f(22)

va do dé
/0 9(x) f(ar)de < / 9(2) f(x)dr < / o(a) ws)der
Khi do .
flan < o [ rgte)is < fan).

Do f(x) lién tuc trén [0; 1], nén ton tai sb6 ¢ € [0; 1] sao cho

| stz = so),
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Bai 2.4 (PH Dong Thap). Tt f(z))2 = (g(x))?, ta ¢6 (f(z) — g(x))(f(x) +
g(x)) = 0v8i moi x € (a;b) (1). Ta xét hai truong hgp sau:

Truong hop 1: f(x) — g(x) # 0 v6i moi x € (a;b). Tkt (1), ta cod f(z) = —g(x)
v6i moi z € (a;b).

Truong hop2: Ton tai z, € (a;b) sao cho f(zo) = g(x0). Ta sé ching minh
f(x) = g(z) véimoi x € (a;b). Gid st tdn tai z; € (a;b) sao cho f(xy) # g(x1).
Khi do, tu (1) ta 6 f(z1) = —g(z1). Do d6 f(xo)f(21) = —g(xo (x1) # 0.
Néu f(wo) f(21) <0 thi ton tai 25 € (a;b) sao cho f(x3) = 0. Piéu nay la mau
thuin. Néu f(xo) f(z ) > 0 thi g()g(z1) < 0. Do do ton tai x5 € (a;b) sao
cho g(z3) = 0. Piéu nay 13 mau thuln. Viy f(z) = g(z) v6i moi = € (a;b).

Bai 2.5 (DH Hung Vuong Pht Tho). Tit gia thiét suy ra

lim @) =1, lim @) =—1, li_>m f(x) =+o0

Tr—+00 €T Tr——00 T
RO rang f’(z) la ham lién tuc trén R.
Ta xét 2 truong hgp sau:
- Néu f'(x) khong la don anh trén R nghia la ton tai 1,710 € R,y # x5 va
f'(a1) = f'(x2) .
thi theo dinh 1y Rolle, ton tai x sao cho f”(zy) = 0.
- Néu f'(z) 1a don 4nh khi d6 f’(z) 1a ham don diéu trén R.
Do d6 ton tai giéi han lim f/(z), lim f'(z)
T—+00 T——00
va lim f'(z)= lim @) =1, lim f'(z)= lim J(x) =—1

T—+00 r—+oo I T——00 r——00 I
Vay f’(r) la ham don diéu tang trén Rva —1 < f'(z) <1, Vz € R.
bat o(r) = = — f(z).
Taco¢'(z)=1— f'(x) >0, VzeR, o0)=—f(0)=0.
T do xgrfoo o(z) > p(0) >0

Vay z — f(z) - 0 (z — +o0), mau thuln gid thiét. Nhu vay trudng hop nay
khong xay ra.

Bai 2.6 (DHKH Hué). Liy z,y € [a,b] sao cho 2+ y = a +b. Goi t € [0,1] 1A
sosaochox =ta+ (1 —t)b.Licddy =a+b—x = (1 —t)a + tb. Vi vay,

f@) <tfla) + (A =0)f0); fly) < (L —1)f(a) +1f(D)
Suyra f(z) + f(y) < f(a) + f(b). Dung phép d6i bién 2 = a + b — u ta c6

[::/abf(as)das:/baf(antb—u)(—du):/abf(a+b—a:)d3:

Vi vay, do chiing minh trén: f(z) + f(a+b—x) < f(a) + f(b), taco

21 = / (f(2) + fla+b—2))dr < / (f(a) + f(b))dz
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Suy ra
L @)+ 00— a)
- 2
Bai 2.7 (PH K§ Thu4t Hau Cin CAND). Tit gia thiét ta c6 C(a) =
1)+ (o —2014), suy ra

2015!04(04

Oy = 1) =~y Dy +2) -+ (y +2015).

Do doé

1 1 1 d

‘— D(y+2) - - - (y+2015)).
1 e +y+2015 (y+)(y+) (y42015))

Vi vay, tich phén cin tinh 13

1

I= [ 50 4 Dl +2) -+ o +2015)dy

0

1
= 5o Dy +2) - (y+ 2015)|8 = —2015.

Bai 2.8 (PH Su Pham Hué). Gia s ton tai ham f thdéa man yéu ciu. Xét
ham g(z) = f(z + 1) — f(z). Theo gia thiét, g chi nhan gié tri v6 ti. Vi ¢ lién
tuc nén né 1a ham hang, tic 1 g(z) = ¢ v6i moi z € R, ¢ 1a sb v6 ti. Suy ra
f(a+2) = f(x) = 2¢ v6i moi z. Goi o € R sao cho f(zy) la s6 hitu ti. Khi d6
f(xo+2) cung 14 56 hitu ti, do d6 f(wo+2) — f(mo) 1a s6 hitu ti (mu thudn).
Mau thuan nay chiing té f khong ton tai.

3 PHEP TINH VI PHAN

Bai 3.1 (DH An Giang). V6i x > 0 tuy y, theo cong thitic Maclaurin ta ¢

%) (9
f(x):0+0+~~+0+fk'( )xk,0<9<x
Do f# 1) (t) > 0,¥t > 0 nén f® (¢) tdng trén [0; +o0), tt d6 f*) (9) <

(k) )
f®) (). Suyra f(z) < / k'<x>mk Bay gio khai trién Taylor ham f (2z) tai x

ta dudc:

[ (z) SO (@) L,
RS TR ey A

v6i0 <6 <x,Vxr>0,Yn e N.
Vay f (x) =0,Vx > 0.

f(2x) = f(x) +
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Bai 3.2 (HV An Ninh). Theo dinh Iy Lagrange tbn tai sb ¢ € (0,1) sao cho
, 1) — £(0
ey~ 10 = F0)

1-0
Co6 hai truéng hop xay ra:
1) V6i moi x € [0,1] thi f'(z) > 1 (hodc f'(z) < 1)
2) Ton tai a, b € [0,1] d€ f'(a) < 1 < f'(b)
+) Truong hOp Dtasuyra f(z) = z,Vr € [0, 1] . That vay, xét f'(z) > 1,Vz €
[0,1]. Gi4 st phan chiing: ton tai ¢ € [0,1] &€ f(¢) # ¢ . T 1a f(t) > t hodc
f(t) < t.
Khi f(t) > t. Tac6 t # 1, 4p dung dinh ly Lagrange cho ham f trén [¢, 1] ton
tai o € (1,t) dé

=1

o SO =) 1-f@) 1-t
file) = 1—t  1—t <1—t_1

mau thuln véi viée f/(x) > 1,Vz € [0,1]. .
Khi f(t) < t. Tacdt # 0, ap dung dinh ly Lagrange cho ham f trén [0, ¢] ton

tai 8 € (0,t) dé
) —J0) _flt) ¢

) =—— =7 <;=!

mau thuan véi f'(z) > 1,Vx € [0,1]. Tuong ty véi f'(r) < 1,Vz € [0,1] .

Két qua f(z) = x,Vz € [0,1] dan dén f'(z) = 1,Vx € [0, 1] va két luln cuaa bai
toan hién nhién 1a ding.

+) Trudng h0p 2) ta thdy do f(z) lién tuc, nén gia tri ctia f/(x) lip day
mot doan nao do [m, M] C R. Goi ¢ = min{l — f'(a) , f'(b) — 1} > 0 thi
[1—¢,1+¢] C [m, M] va gia tri cha f'(z ) 14p day [1—¢, 1+5]

Lay bat ky y; € (1,1 + ¢], thi phai ton tai z; € [0,1] d€ f/(x1) = 1.

1 1
Xét hé thiic — + — = 2, ta dude yp — — 1.
Y Yo 291 — 1

\ s . A > \ _1 1
Dua vao tinh nghich bién cua ham g(z) = — 1 (do ¢'(z) = e 1) < 0,Vx # 5)
ta suy ra
1+¢ €
1>y > =1- >1—¢ h 1—¢,1

Y27 e 14 2¢ ¢ hay ppell-=1)
nén phai ton tai z, € [0,1] &€ f'(x2) = ya.

. 2 1
Nhu vy ta da c6 zy, 2, € [0, 1] dé + =2 ().

f'(@1)  f(x2)
Bay gid néu n chin (n = 2k) thi bing cach lay k diém dang y; nhu néi é trén
va theo két qua (x) ta sé dudc két ludn ctia bai toan.
Néu n 18 (n — 2k + 1) thi vin bang cach xét k diém dang y; nhu noi & trén
va theo két qua (%), dong thoi lay thém diém ¢ € (0,1) ma f'(¢) =1 daco6 6
phan dAu, ta sé duge két ludn cia bai todn.
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Bai 3.3 (HV An Ninh). Néu f(z) 1a ham hang sb thi bai toan tré thanh tam
thuong.

Néu f(z) 1a ham tuyén tinh (f(z) = az + 8, a # 0) thi mau thuln véi gia
thiét f'(a) = f'(b) = 0.

Ap dung dinh ly Cauchy cho f(z) va ¢(z) = :(z — a)? trén doan [a, 3(a + b)]

e S[f(52) — fa)] _ Fi(6) )

“2) — fla "(& a+

(li—a)2 :gl—a’a<§l< 2
Ap dung dinh ly Cauchy cho f(x) va i (z) = (z — b)? trén doan [ (a + b), ]
ta co

8[f(b) = f(5M)] _ f'(&) a+b

oo G-b 2 ~e<?

Suy ra

8L (457) — fla)] | 8LF0) = F457)] _ (&) | (&)
2 (b—a)2 fl—a gz—b

8lf(b) = fla)] _ f'(&) — f'(a) n f'(&) = ['(b)
(b—a)? §&1—a §o— b
Ap dung dinh 1y Lagrange cho f'(z) ta dudc
M:fﬂ(m)’ M:fﬂ(m)’ a<m <&, & <m<b
51 —a fg —b
Do do
b) —
U G
8

mﬁ(b) = f@)] = 1f"(m) + f )| < [f" ()| + 1" (n2)]
< 2.max{|f"(m)l, | £ (n2) 1}
Nhu vAy ton tai ¢ = 1, hodc ¢ = 1, Vi a < ¢ < b théa min yéu ciu clia dé bai.

Bai 3.4 (HV Cong nghé Buu chinh Vién théng). Theo dinh nghia cia lim f'(z) =

T—r+00
0, ta co
’ €
Ve > 0,3z, Ve > z,, = |f ()] < 5 (1)
V6i moi day (z,,) sao cho lim z, = +oo, ap dung dinh ly Lagrange cho ham

n—-+o0o

f(z) trén doan [x,,, z,], tOn tai &, € (x,,,) sao cho

f(xn) — f(2n,)

Tp — xno

| | =& (2)
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Két hop (1) va (2), ta nhan dudc

f(xn) = f(2n,) ‘ €
— < =
F Il = e < 5
Khi do
f(@ne) €0 flong),  fl@a)  flon) €,
T 2(1 T ) < Tn, T, +2< xn>
V6i n du 16n, ta ¢
€ flzny) €
2% . T2
. € Togy € 1+ ,
Ma 5( —x—n) <3 Khi do, ta co
—e < f(@n) <e= lim f(@n) =0= lim M = 0.
Ty n—-4o0o Ty Tr—400 €T

Bai 3.5 (DH bong Thap). Xét ham s6 h(z) = 225~ f(z) lién tuc kha vi
trén R. V6i moi x € R, ta co

B (z) = 2?Me *[2015f (x) — x f () + z.f'()].

Ta lai ¢6 2(0) = h(1) = 0, h la ham s6 lién tuc trén [0;1] va kha vi trong
khoang (0;1). Theo dinh ly Rolle, ton tai ¢ € (0;1) sao cho h'(c) = 0. Diéu
nay suy ra xf'(z) = (z — 2015) f(x) c6 nghiém trong (0; 1).

Bai 3.6 (DH Hung Vuong Phu Tho). V6i moi = € (0,2) ta co

flx) = f0)+ f(0)x .01 €(0;2)
f2)+ f(02)(x—2) 0 € (x;2)

flz) =
Suy ra
f(z) >1—2x,Vz € (0;2)
flx) >2x—1

Tu do ta co

(1 —2z)dx =0

(2x — 1)dz =2
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= zf(:c)d:c = bff(x)dx + 1f2 flz)dz > 2.

2

Mat khac /f(x)da: = 2 khi va chi khi :
0

flz)=1-2z Vxel0;]1]
flz)=2x—1 Vzell;2]

2

Diéu nay mau thuln véi tinh kha vi lién tuc caa f. VAy / f(x)dz > 2.
0

Bai 3.7 (PHKH Hué). Liy diy z, — 0' tuy ¥, ta ching minh (f(z,)) 1a
diy Cauchy. That vay, v6i moi ¢ > 0, do f lién tuc déu nén ton tai § > 0
sao cho |f(z) — f(2')| < € v6i moi z,2’ > 0 ma |z — 2/| < 4. Do z, — 07
nén chon ny € N sao cho |z, — x,,| < 0 v6i moi n,m > ny. Nhung lac do,
|f () — f(z,)| < € v6i moi m,n > ng. Suy ra (f(z,)) la day Cauchy. Vay, v6i
moi day z, — 07, (f(z,)) 1a ddy Cauchy, nén hoi tu. Suy ra ton tai giéi han
httu han
lim f(z).

z—0t

Chon f(z) = sin(x), ta thay f lién tuc déu nhung gi6i han

A /)

khéng ton tai.

Bai 3.8 (PHKH Hué). Néu khing dinh cta bai toan 13 sai thi ta phai cé
F"(z) > 16 (vi néu f"(z) < —16 ta sé xét ham —f) véi moi = € [0,1]. Goi
a € [0,1] 1a diém tai d6 f dat gia tri bé nhit. Ta xét hai trudng hop:

+ Néua € [0, 1], thi f'(a) > 0 (f'(a) = 0 néua € (0,1)). Do d6

PO gy > 00 gy > 1=

22> f(1) = f(a) = f(a)(1—a) +
+ Néua € (1,1], thi f'(a) <0 (f(a) =0néuac (1,1)). Do dé

2> £(0) — fa) = F(@)(0—a) + LD qpp > L 2 . 10

1
2 (3

2 =2.
2 22

VAy ca hai trudng hop déu din dén mau thuln.
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Bai 3.9 (DH K§ Thuat Hau Cin CAND). Tir gia thiét, ta c6

%(arctcmf(m) +x) = % +1>0, Vze(a,b).

Do d6 arctanf(x) + = la ham don diéu tang trong (a,b), va do do

lim (arctanf(x) + x) < lim (arctanf(zx) + x)
z—at z—b~
hay
T +a< T +0b
2 - 2 '

Ticlab—a > 7.
Vidu f(z) = cotanz,a = 0,b = 7.

Bai 3.10 (PH Pham Vin Déng). bit ham sb

’ F(t)dt
F(z) = %;x € [2015;2017).

Khi d6 F(2015) = F(2017) = 0, nén theo dinh 1y Rolle thi ton tai ¢ €
(2015;2017) sao cho F'(c) = 0.
Ma )
2a f(x) — ft)dt
F'(z) = 2015

Nén ta suy ra dudc diéu can chitng minh.

Bai 3.11 (PH Quang Binh). Xét ham sb ¢ z) = x.f(x).e”* lién tuc trén [0, al,
kha vi trén (0,a). Ta ¢6 ¢g(0) = g(a) = 0;g(z) Theo dinh ly Rolle, ton tai
¢ € (0,a) sao cho ¢'(c) = 0. Ma

§(@) = e[ f () + F(@) + 2 (@)
Nen ¢(0) 0.4 —cf(0) + (0 +ef () =0 )= 1) (1)

Bai 3.12 (DH Su Pham Ha Noi 2). C6 dinh 0 < a < bva dit A = % flx) =

sin ©

, x> 0va
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+ Chitng minh

sup sin (ax)  sin (bz)
z>0 ax bx

Tu |f (x)] < 1v6imoixz > 0 suyra

2
O 2] < = <4,

2 1 , 20 1 . s .1
neu 0 < A < 5 Tiép theo, ta phai ching minh |u (A, z)| < 4 v6i moi 5 <
A < 1. Ap dung dinh ly Lagrange cho ham f trén doan [\z, x|, suy ra ton tai
C € (A, x)saocho (N, z) =xz.f ((). Tacd

x (cos ¢ — f (G
op (G - e (C)

Do do,

23:
(A, )| < ?

>/|l\3

Vi vay, ta co
sup |1 (A, )] < 4

x>0
v6i moi A € (0, 1). Do do, ta co (1).
+ Ching minh

sin (ax)  sin (bx)

2 a
;<1_5>§i}§3 ar  br (2)
Ta co
(O, ) = sin(Ar) (1— A7)
AT =Na—r " ) T

A A 2 A , . , /.. ]- x A \ \
Vi vay, ta chi can chitng minh (2) dung véi A € (O, 5} Dé thay f la ham

gidm trén (0, 5| néntacé

1 sin% 2
A > - —2>Z
Iy . . 1 14 14
vOi moi \ € (O, 5] . Do do, ta co (2).
. % f)—fla) , e
Bai 3.13 (PH Su Pham Hue). Vlb— # f'(c) v6i moi a,b € R,a # b

||@

nén ham sé ¢ : R — R xac dinh bédi g(z) = f(z) — z.f'(c) don anh va lién tyc,
do dé ¢ don diéu ngit. Suy ra ¢'(x) = f'(z) — f'(c) c6 dau khong déi, tit d6 ¢
1a diém cuc tri cta f’. Vi vay f”(c) = 0.
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4 PHEP TINH TICH PHAN

Bai 4.1 (DH An Giang). Dat M = max f(x). Tacod f'(x) < M,Vx € [0;1],

0<a<

suy ra
fx) f(x) <Mf(x),ze€[0;1] (1).
Tich phan hai vé BPT (1) ta duagc

/f(t)f/(t)dtSM/f(t)dt,xe [0;1]

xT

“Lro SM/fu)dt,xe 0:1]

0

o) < MS(2) / fydtze0:1] (2)

Bai 4.2 (HV An Ninh Nhan Dan). Vi f'(z) > 0,Vz € (0,1) va f(0) = 0 nén
f(z) >0,vz €[0,1].
Dung tich phan ttiing phan ta co6

| 0=2p @ = a=aps@li+s [ (-02f@s =3 [ (122 @)

St dung bit ding thitc Holder vé tich phan

/ab lu(z)v(z)|dr < (/ab |u(m)|pdx); (/ab |v(x)|qu); ,(p>0,qg>0, %+$ = 1)



vOi u(z) = f(m) s v(x) = (1 —2)?[f(x )]% ,p=3,q= g , ta dudc

WV
o

x)|dx = / (1—2)*f(z)dv =1

/
froes) () s
( |d:v> <01—g; )das)gz(iﬁl)g

, 1 2 1 ’ A 2 , A 9. s
Dodé I < J3.(3])s,suyra J > 5[, ta co bat dang thtic can phai ching

minh.

Bai 4.3 (DH Béch Khoa Thanh ph(f) Ho6 Chi Minh). Vi f ¢ dao ham lién tuc
deén cap 2 trén [—2014,2015] nén ton tai ham lién tuc trén [—2014, 2015] , goi

la ¢, sao cho f(z) = f(0) +zf"(0) + %x% (x), v6i moi x € [—2014,2015].
Chéng han

Dé thiy

2015

f(0 f©. 1 1
/ 22 M +/ = (‘ﬁ‘zoﬂ)f(o)’

—2014
2015

/f’ i+ / PO g~ (1n(2015) — In(2014)) 7/ (0).,

—2014

2015 2015 .
EE%L(/ —(x d:p+/ —1 (x ) = /ﬁw(x)dx<oo

—2014 —2014

DAan dén sy hitu han ctia giéi han can tinh.

Bai 4.4 (HV Céng nghé Buu chinh Vién théng). Ap dung bét dang thic
Cauchy cho tich phan, ta c6

/f dm/ —dx /Olm.\/%dx>2:l.
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Mit khac

\//Olf(a:)dx — \// @) 1md \/Z
gé.\/% /O fwd:c—l—/o %d
S

i 4 \ t N /4
Xét ham ¢(t) = i + % trén doan |[m, M|. Ta c6

’ 1 m

g(t)ZM—t—Q-

Ham s6 dat gi4 tri 16n nhét bang 1 + % khi va chi khi t = m hodc t = M. Do

6
\//f dx/ —dx \/g.(u%)

Nhu véy, bt ding thiic duge chitng minh.

Bai 4.5 (PH béng Thap). Bang cach nhan lién hop ta c6

f(2) Vaz+1l4+z—-1
€Tr) =
ViZ+1+z+1

:(\/932+1+93— Diva2+1—(x—1)]
(Va2 +1+1+2) (Va2 +1+1—2)

N

Suy ra f(z) 1a ham s6 18 R. Do d6 I = 0.

Bai 4.6 (DH Hung Vuong Phu Tho). Ta c6

+o0 1 0 1 +oo 1
/f(x—;)dx:/f(x—;)dx—ko/f(x—g)dx
h S

Defltt:as—l

X
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, Vi +4 . —Vt2 414
Tac0x2#>0hoacx:%<0
1 t
dr = =(1+ dt véiz > 0.
%( t2+4)
t . ,
de==(1- )dt véi z < 0. Do d6
2 t24+4
' ¢
— (1 + ——)dt
2/f()( Vel
dt
/f 4)
Do [ f(x)ds hd *__ 4x héi tu (do tidu chun Aben)
(0] X 01 tu nen —ax Ol tu O tleu chuan en).
ERLY {107

:>/fx——dx—/f

Bai 4.7 (DHKH Hué). Vi f va ¢ 14 cac ham cling dbng bién hodc cling nghich
bien, nén
(f(x) = f(¥)(g(z) = 9(y)) 2 0, Va,y € [0,1].

Ngoai ra, f va g déu kha tich, va ta c

/O dz / (F(2) — F)(g(x) — g(y))dy > 0.

Chil y rang tich phin & vé trai bang

2 [ swgtws =2 [ s [ oway

T d6 suy ra diéu phai chiing minh. (Chu y: Bai nay cling 6 thé gidi mét
cach co ban hon, bang cach lay gi6i han ctia tong Darboux v6i phéan hoach
déu, va st dung Bat dang thiic Chebyshev).

Bai 4.8 (PH K§ Thuat Hiu Cin CAND). Pa thitc 23 — 3z + 1 d6i d4u trong cac
khoang [-2, —1], [3, %], 2,2], do d6 khong c6 khong diém ngoai cdc khoang
trén. T d6 ham f x4c dinh va lién tuc trén cac doan 14y tich phan.

Thuc hién phép d6i bién = = -+ trén doan [ ta nhan dudc

z)dr = / fle

—100

101° 11}

-
8‘\‘,_‘
=
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JUN 7 NRe 1 oA 1 A 101 11 A
Thuc hién phép do6i bien = 1 — ; trén doan {3, ;5] ta nhan dugc

-1

/f?(x)dx: /0<1fz_(“2)2dx. @)

101 ~100

[
(=}

Tu (1) va (2) ta nhan dugc
~10

I:/fz(x)(1+%+(1_$)2)dx.

—100

Do doé
2 —x 10 11131110

[]=——m—— =
3 —3x 4+ 1'-100 107634259

13 mét sb hitu ti.

Bai 4.9 (PH Quang Binh). Khai trién Taylor ham f tai ¢ € (a, b) ta c6 v6i moi
x € (a,b)

1) = FO) + P =) + e+ 0 — ). T g e 0.1)

f(x) > fe)+ f'(c)(x — ¢),Vx € (a,b)

va
/ f(x)de > / (F(&) + F(O)(x — &))da
=(b—a) (f(c) + (“TH’ — c)f’(c)) Ve € (a,b).

Bai 4.10 (DH Su Pham Ha Noi 2). V6i moi a € (0,b). Theo gid thiét f'
nghich bien trén [0, b] nén v6i moi = € [a,b] ta déu cd [’ (z) < f'(a) kéo theo
zf () < f'(a)x. Suy ra

/ :Uf’(:v)dng’(a)/ rdr = 5 I (a).
Hay
!/ 2 ’ /
F@)> oo [ af @ ().

Mt khéc, khi = € [0,a] ta déu c6 f'(z) > f'(a) kéo theo zf' (z) > f'(a)z.
Suy ra

[or@arz @ [ o= S5 @),
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Hay

Tu (1) va (2) suy ra

a b
2 xf’(x)dxzﬁ/a zf' (x)dx.

a? J,

Hay

(62—a2)/0aa:f’(x)da:ZaQ/aba:f'(a:)dx:aQ (/aoxf’(x)dx—i—/obxf’(x)dx).

Vi vay
a b
b2/ xf’(x)dmZaQ/ xf (z)dx
0 a

LAy tich phan tiing phan hai vé ta thu dugc

a b
_%/0 f(x)dxz@—b%/o f (z)de.

/f d:v——/f ar> L0 IO

DAu bing x4y ra khi f = 1 trén doan [0, 0].

Suy ra

T

Bai 4.11 (PH Su Pham Hué). bit F(z = [ f(t)dt. Tich phan ting phén ta
0

jF(x)dx: —jxf(x)dx

Theo bét ding thic Cauchy-Schwarz ta ¢6

dudc

2

(72xf(x)dx < /2d:c) (1//2]”2 ) 72f2(3:)da:

1 1

[ @i | <| [@-3 / Pl | = / ()

1/2 1/2 1/2 1/2

IN
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Do do
1/2 2 1 , 2 X 1
(/ xf(x)dx) + /(x - §)f(x)dx < ﬂ/]ﬂ(x)dx
0 1/2 0
Mat khac
1/2 1/2 1/2
/xf(:v)d:v:%/f@)dm— /F(:E)da:
0 0 0
va
1 X X 1 1
/(:v ~ (e = / @)z — /F(m)dm
1/2 1/2 1/2
Vi vay
1 1/2 1/2 2 1 1
1 1 1
2—4/f2(x)dx2 —/f(x)dx—/F(x)dm + —/f(m)dm—/F(x)dx
0 0 0 1/2 1/2
1/2 1/2 1 1 ?
2% 1/f(x>d;c—/F(x)dx+§/f<x)dx—/F(x)dx
0 0 1/2 1/2
1 2 1 2
= % /F(a:)dx = % /xf(x)d:v
0 0

5 CHUOI SO

"l n

Bai 5.1 (PH An Giang). Ditu, = —=.Tacé lim "L — lim e -
nn n—+oo U, n—too (n 4 1)"

. e . 1as - N o
nETooW = 1. Mat khac, do day (CLn) , Ay = (1 + E) B la day tang
R cx o 1\" R 1\"
nghiém ngat va lim (1 + —) = e nén (1 + —) < e,Vn € N*. Suy ra
n—+o00 n n
Un+41

> 1,Vn € N*. Suy ra (u,,) la day tang. Vi vay lixin u, # 0. Vay chudi da
n—-+0o0o

Up
cho phén ky.
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Bai 5.2 (DH Béch Khoa Thanh phé H6 Chi Minh). (a) Tit gia thiét »  [a;|
k=0

héi tu va |ay sin” (kz)| < |ag|, v6i moi n € Z va z € [0, 7] din dén chudi
o0
ax sin™ (kz) hoi tu tuyét d6i va déu.
k=0

oo

Két luan sé khéng ding néu chi cho gia thiét chubi Z ax hoi tu. Vi du
k=0

chon day {ax},-, 1a

neéu k 1é,

0 néu k chan.

Khi d6 chubi Z ax hoi tu (chudi dan dau) nhung khong hoi tu tuyét

k=0
dbi. Chonn = 1, 7 — g khi d6 d& thiy chudi 3 a; sin (gk) phan ky
k=0
Vi

sin <Zk> _ {(—1)1651 néu k 18,

0 néu k chan.

oo
(b) Vi cac ham wy, (z) = aysin” (kz) lién tuc trén [0, 7] va chubi Z u ()
k=0
héi tu déu trén [0, 7] nén téng ctia chudi, tic S, (), 1a ham lién tuc trén
[0, 7] . bat

™

Iy = /sin"(kzx)dx,

0
iy

Iy = /sin”(:c)d:c.

0

n—1

Bing tich phén tiing phan ta thiy Lin = It n—o, thém nita

™

/sin (kz)dx =

0

néeu k chan,

néu k 1é.

> o O
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Dan dén

J,  néun chan,

L, =140 néu n 18, k chin,
7 ]— A 2 2

EJ” neun le, k le.

Chay lim J, = 0 bdi vi cac day con {J,, } va {Jo,,1} 1 ddy gidm va bi
n—oo
A fe .. N A -1 <
chan dudi (J, > 0,Vn) ngoai ra c6 rang budc J,, = n—Jn,Q. T tinh
n

chit hoi tu déu ta duoc

™

/Sn(zv)dx = iiuk(x)dx

0 k=07

[e.9]

= > arlyn

k=0
(2, laxl) J»  néun chén,

- (ZZOO %) J, mnéunlé.

Ta c6 diéu phai ching minh.

Bai 5.3 (HV Coéng nghé Buu chinh Vién théng). 1) bit
2

0 pmazt 6—61‘2
I(a) :/ T e dra>0
0 x

Ta co

I'(a) = /Oox(ew*“)”ﬁ2 — e (etae®y g
0
1 1

2(a+p) 2(a+ )

. 1 a+p
D I(a) = =1 C
ovay Ia) = g5lni——0 +
Cho a — +o0o ta nhan dudc C' = 0. Nhu vay

1 a+p
[(a)zéma—l—a

oo 1
Néi riéng 1(0) = Elné
«



118

2) Ta co

NE
NE
_
=
+
=
I
NE
NE
=8
S
+
AR
v»—
B
+
=

n(n+1)...

3
Il
—
>
Il
—_

Mt khéc

Ler 1 L1 /& ot R =2
| - [ me-Tu( He-Y 55 @

Tu (1) va (2) suy ra diéu phai chitng minh.

Bai 5.4 (DH Hung Vuong Phu Tho). Ta c6

o0 o9 1
nglkgl n(n+1)..(n + k)
o0 oo 1
- k;lnz::l n(n+1)...(n+k)
o o0 ] k—
- ,;Elz-n@ﬁ)...(nﬁ k)
o o0 ] 1 1
- ,;1;::1 E(n(n—l— )..(n+k—-1) (m+1)n+2)..(n+ k))
- ,2 %<12§k a 2.3.4...1(k: T 2.3.4...1(k: +1) 3.4.5...1(k oy " )
- ,,321%12213
_ kgﬁ
Ta lai ¢
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1 1 00 K
e’ —1 1 x
dr= [ =S —d
/ T . / T ; k! .
0 0 =
1 T
=7 / s
k=1""1
s
N k.k!
k=1
Tl d6 ta c6 diéu phai chitng minh.
Bai 5.5 (HV Ky Thuit Quéan Su). Ta ¢
Ant1 n? (n+ %)n < n’ o (n-&}l)Q
a,  (n4+1)2 e (n+12 &
J A - 1 \ 4 n n A ~
Xét chuoi an = (2). Tu (1) ta céd Zn: < Z—n =: ¢,. Nhu vay day {c,}

n=1

13 ddy duong va don diéu gidm do d6 bi chin, tic 13 ton tai M sao cho
oo oo

¢n < M,Vn € N*. VAy » "a, < M > by, ¥n € N*. Do (2) hoi tu, nén theo
n=1

n=1 =

JUN A 4 Re A 7 s ~ A
tiéu chuan so sanh chudi so6 duong ta c6 chudi da cho hoi tu.

Bai 5.6 (PH Pham Vin Dong). Tinh dude f(z) =In2+Inz — In(z + 1).

Do do f(n) =In2+Inn —1In(n + 1).
Suy ra tong riéng thit n clia chudi 1a

n

" 2
;f(k):lnnJrl.

Ma

n

lim In(

nén chudi phan ky.

Bai 5.7 (PH Su Pham Ha Néi 2). Liy {a,} € A. Ta c6

oo 2 oo
2015° = (Z an> =Y a2 +2 > apan
n=1 n=1

1<m<n
m, neN
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Do do,
> "a € (0, 20157).
n=1
Ta sé chira
{Zai: {a,} € A} = (0, 2015%).
n=1

That vay, v6i bat ki S € (0, 2015%), ta chon {a,} = {r), v6ig = WIFHS va
A = 20151 Khi d6, {a,} € Ava

[e.e]

2 _
E a, = 5.
n=1

Vi vay, {2 a2: {a,} € A} = (0, 2015%).
n=1

6 PHUONG TRINH HAM

Bai 6.1 (PH An Giang). Thay = = 0 ta dudc f (f (y)) = f (y) Vy € R. Ta viét
lai phuong trinh

fla+fly)=(w+Dx+ f(y),Vr,y e R.

R6 rang f (y) = —1,Vy € R 1a nghiém ctia phuong trinh. Gid st ton tai y sao
chof (yo) # —1. Thay y = v, ta dudc

fe+f(w)=(f(y)+1)x+ f(w), vz eR.

Do vé phai 14 mo6t ham béc nhét theo bién z nén ta suy ra f 1a toan anh. Do
do6 v6i x € R ta tim dudc u € R sao cho f (u) = x. Vi vay ta cd

f@) = f(f(u)=f(u) =z

Th lai ta thiy f (#) = = khong 1a nghiém ctia phuong trinh. Vay f (y) = —1
la nghiém duy nhat ctia phuong trinh.

Bai 6.2 (DPH Bach Khoa Tp. H6 Chi Minh). D& thay f phai 1a ham don anh
tlt yéu cAu. Dan dén tinh don diéu ngét cta f. Tt tinh don diéu cta f ta
sé chira f(x) = x trén R. That vy, gla stt ¢6 xy € R sao cho f (z9) > wo.
Khi d6 f (f (f (20))) + f (x0) > 210 néu f don diéu ting, miu thudn. Néu f
don diéu gidm thi f (x0) > f (f (20)) VA f (f (f (2))) > f (f (x,)). dén dén

o > f(f (x0)). Ay [ (z0) < [ (f (f(20))), dandenf(f(f( 0))) + f (z0) >
2 f (zo) > 29, miu thudn. Vi tinh binh dang nén tinh hudng tuong tu cho gia

stt f (z9) < xp. cing khong xay ra.
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Bai 6.3 (HV Cong nghé Buu chinh Vién théng). Liy dao ham 2 vé cda
£(20152 4 2014) = 2015f(z) x € R.

Khi d6
2015f (20152 + 2014) = 2015f (z) z € R.
Thay = bdi 2294 'ta ¢6

2015 °
’ ;X — 2014
f(x)=f (W)
_ (ggf;“ — 2014)
2015
,x—2015%2+1
=1 20152 )
,x—2015™ + 1
=1 20157 )
Cho n — oo, ta nhan dudc
fz)=f(-1)

Nhu vay
fle)=mz+k VreR

trong &6 m = f'(1). Thay 2 = —1 vao hé thitc ban diu, ta c6
f(=1) = 2014f(-1)

va do d6 f(—1) = 0. B&i vay k = m va do d6

f@) = mia+1).
Thit lai: Théa man. Nhu vay

f(x) =m(z+1)
trong d6 m hing sb.
Bai 6.4 (DH Dong Thap). Tit £(2014z — f(y)) = f(2015z) — f(y) — z (1), cho

r=y=0,taco
F(=1(0)) = £(0) = f(0) = 0.

T1ep tuc trong (1) 1Ay y = —f(0), ta cb f(2014z) = f(2015x) — = (2). Tit (1)
va (2), tacod f(2014z — f(y)) = f(2014z) — f(y) v6i moi = € R. Do do

fx=fy) = fx) = fly), Ve e R (3)
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batu =z— f(y), tacd f(y) = z—u. Thay vao (3), ta dudc f(u) = f(z)—z+u
hay f(u) —u = f(z) — 2 v6i moi z,u € R. Suy ra f(z) — z = ¢ v6i c 1a hing
s6. Do f(1) = 2015 nén ¢ = 2014. VAy f(z) = = 4 2014 v6i moi x € R. Th lai
thay thod man.

Bai 6.5 (DH Dong Thép). V6i moi z € R, ta cb

|f(z) — f(0)| < |sinz —sin0| = | sinx|.

Do do
|(f(2))* = f@)] = f(@)|If(z) — 1] < |sinz|(|sina] +1).
Suy ra
/2[(f(x))2 ~ flo)dz < / sin z(sing + 1)de = & + 1.
0 0 4
Pang thic xay ra khi f lién tuc trén R va |f(z)| = |sinz|, [f(z) — 1] =

|sinz| + 1. Suy ra f(x) = —sinx véi x € R.
Bai 6.6 (DH Hung Vuong Phti Tho). Thay z béi f(x) ta dudc

FU () = 4f(f(x) = 3f ().

Tiép tuc qua trinh trén va dit z,, = f(f(...f(z))), n 14n, ta dudc phuong trinh
sai phan:
Tpyo = 4Tpy1 — 32y,.

Phuong trinh dac trung 1a A2 — 4\ + 3 = 0.
Phuong trinh nay c¢6 nghiém A = 1 hoac \ = 3.
Véy T, = C + Cg3n.
Ta co

Tg=C +C=<x

T =C + 302 = f(l’)
T do ta 6 f(v) = x + 2¢; hodc f(z) = 3z — 2¢y.
Thay vao diéu kién ban dau ta duge c; = 0 va ¢, tuy y.
Vay ham can tim la f(z) = x hoac f(x) = 3z — ¢, ctuy y.

Bai 6.7 (DH Pham Vin Ddng). Tt gia thiét suy ra ring khi = # y thi

/ ;x:yy) S fj__yy) = 8ay(2* + y).
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thi
g(xz+y) — gz —y) = 8zy(z* + y°).

h h .. .
Chonz =a+ SVay=g thi ta c6 dudc ¢'(a) = 4a®,Va € R.

7 A N 15 A

Do d6 g(z) = 2* + C nén f(z) = 2° + Cz. Ma f(z) = 2015 nén C' =
4 15

2015.— — (—)*
15 ( 4 ) 4 15

Tht lai, ta nhan f(z) = 2° + (2015'E - (Z)“)m 12 ham sb cin tim.

Bai 6.8 (DH Quéng Binh). Nhan thiy f(z) = 20152 13 mét ham théa mén.
bat g(x) = f(x) — 20152 thay vao (1) ta dugc g(z) > 0 (2), Vo € R va

g(r +y) > g(x) +g(y) (3),Vo,y €R.

- Cho z = y = 0, tit (3) ta dudc ¢(0) < 0, két hop véi (2) ta c6 g(0) = 0.
-Choz = —y,z e R, ttt (2) va (3) tacod

g(x) >0,9(—z) > 0,0 > g(x) + g(—2):
suy ra: g(z) = g(—z) = 0va f(z) = 2015z, V2 € R. Thit lai thdy ding.

Bai 6.9 (DH Su Pham Ha Noi 2). Gia st ton tai ham f thda méan dé bai. Khi
dé, ta cd |f ()| = | f (sin®'5z) i v6i moi z € R. LAy = € R tiy ¥, xét day sb
{x,} dugc xac dinh bdi z; = sin*z, 1, = sin®z,,, ¥n = 1,2,... Khi d6
|f ()" = |f (z,)], ¥n =1,2,.... Ta dé dang chitng minh dugc:

Néu 0 < z; < 1 thi day {z,} gidm bi chin dudi;

Néu —1 < z; < 0 thi day {x,} ting bi chin trén.

Suy ra ton tai gi6i han caa diy {z,}. bat lim z, = a, theo tinh chét lién

n—-+400o

15q = g hay a = 0. Gia st ton tai ny nao do sao

tuc ciia ham sin suy ra sin
cho f () = 0 khi d6

I (@) = f (24) = 0

suyra f (z) = 0.
Gia st khong ton tai n nao do6 sao cho f (z,) = 0, hay f (z,) #0, Vn=1,2, ...
Khi do 1

|f (@) = |f (@n)[2757 £ 0.(1)

Chuyén qua gi6i han (1) ta suy ra |f (z)| = 1. Theo gia thiét ham f lién tuc
trén R va tht lai ta suy ra phuong trinh da cho ¢6 ba nghiém f = 0, f =
-1, f=1trénR.
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Bai 6.10 (DH Su Pham Hué). Gid st ton tai f thda man dé bai. Ta sé chira
mau thuan.
+) Theo gia thiét

wzfclc;y)qtu—yh‘v’x,yeﬂ%

Khong mét tinh téng quat, gia st y > z. Dit e = Y2 xg = x, 11 = T + €
To=1o+ 2 x3 =1+ 3¢ =y.

Ta co i
DI g o
Fo) £ 103) s ) o
Suy ra
foo  flo) , St Sl g (2455
hay

02505 (245 4 5o,

+) Chting minh tuong tu v6i mdin = 1,2, ... ta ciing c6

F@) + ) |
i

r+y )
)+ (

3)"|:zc —y|,Va,y € R.

i

Cho n — oo, ta gip diéu vo 1.



